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1.1 INTRODUCTION

The credit of giving a final touch to slope deflection method and publishing it (1915) goes to
Prof. G A Maney of the Unmiversity of Minnesota. This method is 1deally suited for the analysis
of continuous beams and rigid jointed frames. Using this method basic unknowns like slopes and
deflections of joints can be calculated. Moments at the ends of a member is first written in terms
of unknown slopes and deflections of the end joints. Considering the joint equilibrium conditions, a
set of equations are formed and solution of these simultaneous equations gives unknown slopes and
deflections. Then end moments of individual members are determined. Since, it involves solution
of simultaneous equations, a problem with more than three unknowns was considered as difficult
problem for hand calculation. Hence, this method was sidelined by moment distribution method. With
the help of computers, solutions for any number of simultaneous equations can be obtained easily.
The development of this method in the matrix form, has led to the “Stiffness Matrix Method,’
which is commonly used for the analysis of large structures with the help of computers. Hence,
study of this method has gained importance again.

1.2 ASSUMPTIONS

The following assumptions are made while developing this method:
1. All joints are rigid, i.e., the angle between any two members in a joint does not change even
after deformation due to loading. Thus, at joint 4 in the Figure 1.1, the angle between
members AB and BC remains ‘0’ only, even after deformation.

4
o ¢

B
Figure 1.1(a): Rigid joint before deformation. (b) Rigid joint after deformation.

2. Distortions due to axial deformations are neglected. Thus, in the frame shown in Figure 1.2,

BB'=CC’= A
A Al c
B i‘ ;
! B’ C /!
A D

Figure 1.2: Axial deformation reglected.

3. Shear deformations are neglected.
Assumptions 2 and 3 are reasonable because, distortion of rigid jointed structures due to
axial forces and shears are really small compared to distortion due to flexure.
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1.3 SIGN CONVENTIONS

In this textbook, the following sign conventions are used:

Moments Clockwise end moments are positive and anticlockwise end moments are negative. In
Figure 1.3, Mpa = 20 kNm and Mpc =-20 kNm

ZOkNm‘\
k B J C

A D
CE LA FFIFL

Figure 1.3: Sign convention for moments.

Rotations Clockwise rotation of a tangent to elastic curve is positive rotation and anticlockwise
rotation 1s a negative rotation. In Figure 1.4, 6, and 0, are positive rotations and 6, and 05 are negative
rotation.

A B 0, 04 C

% 2 EZ
N
=1

L, *!"" L,

'y

Figure 1.4: Sign convention for rotation.

Settlement Settlement ‘A’ is positive if right side support is below left side support. ‘A’ is
negative if left side support is below the right side support. Thus, in Figure 1.5, for beam AB,
A 1s positive; for beam BC, A is negative.

4 B
A | a

B!

L] J‘ Lz ==

A

Figure 1.5: Sign convention for settlement.

1.4 DERIVATION OF SLOPE DEFLECTION EQUATIONS

Let AB, shown in Figure 1.6(a), be a member of a rigid structure. After loading it undergoes
deformations. Figure 1.6(b) shows deformed shape with all displacements (6,, 65 and A) taken
in their positive senses. Final moments at end 4 and end B are M,y and My, Now our aim is
to derive the relationship between these final end moments and their displacements 6,, 8z and A.
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L

Figure 1.6(a): Original shape of beam.
W, W,
A | .

Figure 1.6(b): Deformed shape of the beam.

The development of final moments and deformations are visualised as undergoing in the following
stages:

1. Due to given loadings end moments Mg,p and Mpp, develop without any rotations at ends.
These moments are similar to the end moments in a fixed beam and hence are called as
Jixed end moments. In Figure 1.6(c) these are shown in their positive senses. Actually most
of the time Mpsp will be having a negative value.

2. Settlement A takes place without any rotations at ends. This is similar to the settlement of
supports in fixed beams. From analysis of fixed beams we know, the end moments developed

are 6E£A as shown in Figure 1.6(d).
L
W, l W, l
o8 o
M}"AB
Figure 1.6(c): Fixed end moments developed.
6EIA /\
2 .
Z A
6EIA
s
Figure 1.6(d): End moments due to settlement.
3. Moment M’z comes into play in N
simply supported beam as shown IV 91

in Figure 1.6(e) to cause end -

rotations 0,4, and O, at 4 and B
respectively.
4. Moments M3, comes into play in Figure 1.6(e): End rotations due to M'sg.
simply supported beam AB, as
shown in Figure 1.6(f). The end rotations developed are 6,, and Bp,.

Bl:!.l
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61 \

0o
M

Figure 1.6(f). End rotations due to M.
Moment M,y and Mp, give final rotations 6, and 0y to the beam AB. To find the rotations
due to applied moment A/ in a beam without end rotation (Figure 1.7(a)), conjugate beam method
b d (Fi 1.7(d)).
ey be wee (Kigtic. Wi Wl ML ML
It may be seen that rotation at loaded end is 357 and at unloaded end is P

=5
i i
A B
Figure 1.7(a): Simply supported beam subjected to end moments.
M
El
ML ML
3E] 6E1

Figure 1.7(b): Conjugate beam.
Hence, referring to Figures 1.6(e) and 1.6(f),

ML ML
9A| = s al'ld BBI = AB
3E] 6FE1

ML L ML

and 0, = BT and 0 = RBA
AL TGEl B2 3R

From Figures 1.6(), 1.6(e) and 1.6(f), it can be seen that,

M:,L ML L
9A29A1—9A2:( i J‘{ LA ]

3EI 6EI
ML LY (ML
a o (5 (5
aa % = 652 — Oy ( 3E] 6EI
IMILY (ML ML ML
) 3 - AB )_[ AB )= AB 4-1) = AB
O * Bp ( 3E] 6El GEI( ) 2E]
2EI

Mg = T(ZGA +6p)

Similarly, ML, = iﬂ(eA +205)

Final moments shown in Figure 1.6(b) are the sum of the moments shown in the four stages
shown in Figures 1.6(c) to 1.6(f). Referring to Figure 1.6, we write,
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1.5

6EI A ,
Mpg = Mppp - 2 + Mg
6EIA 2FEI
2EI 3A
:MFAB + — ZGA +BB ——) (ll(a))
L E
Similarly,
6EI A .
Mpa = Mypa - 2 + Mgy
6EI A 2EI
=MFBA_ Lz +T(9A +29B)
2EI 3A
= Mypa + A (BA +26p - ?J (1.1(b))

Equations 1.1(a) and 1.1(b) are known as Slope deflection equations.

APPLICATIONS OF SLOPE DEFLECTION EQUATIONS

Using slope deflection equations, rigid jointed structures can be analysed. The method is illustrated
by applying it to the following types of structures:

1.
2.
3.

Continuous beams
Frames without side sway
Frames with side sway

1.5.1 Continuous Beams

The following steps are involved in the analysis of continuous beams by slope deflection method.

l.

b D

Each span of the continuous beam is taken as fixed beam and fixed end moments are noted.

Wab* Wba*>  WL* :

7 and 7 for finding end moments in fixed beams
may be used (Refer Table 1.1). Clockwise end moments are to be noted as positive moments
and anticlockwise as negative moments.

Using slope deflection equations write all the end moments. In these equations, some of the
rotations and deflections will be unknowns.

Write the joint equilibrium equations.

Solve the joint equilibrium equations to get the unknown rotations and deflections.
Substituting the values of unknowns in slope deflection equations and determine the end
moments.

Treating each member of the continuous beam as simply supported beam subjected to a given
loading and end moments determine the end reactions and draw shear force and bending
moment diagrams.

The standard expressions like
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Table 1.1: Expressions for finding fixed end moments

i w
8
A '/:/db (S} 8
Z - 5 &)
2 5
g |

b~

a | b

WM
wL’ > W_LZ

1 4/ RN 12
e L >

Mmt -
wL’ wL’

EXEY,

N

<L
x\_\_g

T N
-—

_‘L_‘Lﬁ/?
K
EEN

T »|

w/unit length

N e S T I T e S VI
—WL4} \S%

L !

Example 1.1 Analyse the two span continuous beam shown in Figure 1.8 by slope deflection
method and draw bending moment, shear force diagrams and elastic curve. (Young’s modulus is

the same throughout).
ro - /\K/mkain\m/\/
49 c
Z J @ 5B
l«—2m ‘
le———4m 6m —————»

Figure 1.8(a): Two span continuous beam.

Solution Fixed End Moments

Mo = <05 56 i : Mipa = 20 KNm

2
Mo = =229 _ 60 %%m : Mzcs = 60 KNm

12
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Slope Deflection Equations

2ET
MAB = TQGA +HB _‘0)—20

= 0.5 El6g — 20 [Since, 6, = 0 as it is fixed end]
Mgy = %(GA +206; —0) +20
= EI0y +20 [Since, 64 = 0]
Mgc = ZESD (265 + 6, — 0) — 60
4 ;
= EEIBB - 60 [Since, 6, = 0]
Mg = 25((521) (05 +26, —0)+60 = %EIBB + 60 [Since, 8- = 0]

Joint Equilibrium Equations
Considering joint B
Mpp + Mpc =0
Substituting the values for My, and Mpc, we get,
4
EI 6g + 20 + EEIBB -60=0

or El 6 = % = 17.143

Substituting this in slope deflection equations, we get,
Mppg =05 EI 6 — 20 = 0.5 x 17.143 — 20 = — 11.428 kNm
Mg, = EI 6 + 20 = 37.143 kKNm

Mg = %EIBB - 60 = =37.143kNm

Mg = %EIBB +60 = 71.429 kNm

Treating each beam separately with load on it and end moments (Figure 1.8(5))

11.424 40 kN 37.143  37.143 20 kN/m
’\ i /-\ W .
4/ \T/ \Ty \%C
R, Ry R R

Bz
Figure 1.8(b): Free body diagrams.

By = 11.428 + 40 x 2 — 37.143 — 13,571 kN

4

(1.2)

~.(1.3)

(1.4)

.
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Rp; = 40 — 13.571 = 26.429 kN

20x 6 x3+37.143 -71.429
Rp, = 5

Re =20 x 6 — 54286 = 65.714 kN

Hence, shear force diagram is as shown in Figure 1.8(c). Bending moment diagram is drawn
keeping in view that tension at bottom is positive and tension at top is negative (Figure 1.8(d)).

54.286

= 54.286 kN

13.571

26.429

65.714

Figure 1.8(c): Shear force diagram (SFD).

Figure 1.8(d): Bending moment diagram (BMD).

Example 1.2 Analyse the continuous beam shown in Figure 1.9 and draw bending moment

diagram.
60 kN
i 5 f C
R Vo I Vi
2m

Figure 1.9(a): Continuous beam.

30 kN/m

AN
by

Solution Fixed End Moments

2
Mg = — 60_><;2x_2 = —26.67 kNm
2
Mg = 60"6# = 53.33 kNm
2

Mypc = - g = —90 kNm

12
MFCB = 90 kNm



10 Structural Analysis—II

Slope Deflection Equations

Equilibrium Equations

e

~26.67 + %(2% +05 —0)

Mpp

~26.67 + %EIBB
2EI
Mps = 53.33 + =— (0, + 265 —0)
2
= 53.33 + ~ El6

Mpe = —90 + %(203 +£05 ~10)

= -90 + %EIBB + %EIOC

2ET
MCB =90 + T(BB = 290 —O)

=90 + iEfeB +3f«:19C
3 3
Mg =0

Mgy + Mpc = 0
2 1

(Since, 6, = 0)

(Since, 6, = 0)

5333 * %EIOB —90+§EIBB +§EIBC =0

4 EI 0y + EI 0. = 110

ie.,

or

WC =0, gives MCB =0

90 + %EIGB +§EIBC=O

EI®g + 2 EI0; = -270

Subtracting Eqn. (1.7) from twice Eqn. (1.6), we get,

7

Therefore, from Eqn.

End Moments

EI 85 = 490

EI0g = 70

(1.6),

El0c = 110 — 4 x 70 = -170

Substituting the values of EJ 0 and E7 6 in slope deflection equations, we get,

Myp = -26.67 + é(?()) =-3.33 kNm

Mg, = 53.33 + %(70) = 100 kNm

(1.6

(1.7

..(1.8)

-(1.9)
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Mpc =90 + %(?0) +%(~I?O) = —100 kNm

Meg = 90 + %(?0) +§(—1?0) =0

The sign conventions for these moments is clockwise direction positive and anticlockwise
direction negative. Hence, the moments are as shown in Figure 1.9(5). But while drawing bending
moment diagrams sign convention followed is tension at bottom positive and tension at top negative.
Free moments (moment in a simply supported beam for given loading) give tension at bottom and
hence are positive. End moments give tension at top and hence they are negative moments. Since,
we need difference of these diagrams, to get the final diagram, we draw them on the same side
and mark the difference diagram as the final diagram.

'V, &) %

Figure 1.9(b): Final moments.

Free moment diagram in 4B is a triangle with maximum ordinate under load, its magnitude being

OR4%2 < 2y 1

Free moment diagram in BC is a symmetric parabola with maximum ordinate,

_ 30x6

= 135 kNm

Hence, BMD 1is as shown in Figure 1.9(c).

Figure 1.9(c): Bending moment diagram.

Example 1.3 Analyse the continuous beam shown in Figure 1.10 by slope deflection method and
draw bending moment diagram.

20 kN/m i 80 kN 140 kN
i FaUn®a¥aa®uOn.,

3 ®|-—2m—>|C®D

7 @
|<76m4—ld— 4m——>»le—2m

Figure 1.10: Continuous beam.
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Solution Fixed End Moments

Slope Deflection Equations

Equilibrium Equations

But,

Le.,

or

2
Mepp = — 201’;6 = 60 kNm
Mg = 60 kKNm
Mg = =R 0 i
MFCB = 40 kNm
Mg = -60 + 222D 56 1
=160 % %EIGB
2EQI)
MBA = 60 +

2E1
MBC =-40 + T(ZBB s GC -

B_O)

(Since, 6, = 0)

O, +265 —0) = 60 + %EIBB

0)

= 40 +EIBB +1().5 EIBC

2ET

MCB =40+ T(BB +20C ‘-0

=40 + 0.5 EI 0y + EI 0,

My =0
Mgp + Mpe =0

)

60 + %EIOB —40 + EIOg + 0.5 EI6, =0

2333 EI0g + 0.5 EI8. = — 20
Me =0

Mep + Mcp =0
Mep=— 40 x 2 = — 80
Mg = 80 kKNm

40 + 0.5 EI 05 + EI 6. = 80
0.5 EI 0 + EI 8. = 40

Substracting Eqn. (1.11) from twice Eqn. (1.10), we get,

or

(4.667 — 0.5) EI 63 = — 80
EI 6= 192

A

1 LL)

(1.12)
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From Eqn. (1.11), we get,
0.5(-19.2) + EI 6 = 40
or El 6 = 49.6 .(1.13)

Final Moments
Substituting the values of EI 6y and EI 6, in slope deflection equations, we get,

Myp = —60 + %(-19.2) = -72.8 kNm

Mg, = 60 + % (=19.2) = 34.4 kNm
Mg = —40 + (=19.2) + 0.5 x 49.6 = —34.4 kKNm
MCB = 80 kNm

Example 1.4 Analyse the continuous beam shown in Figure 1.11 by slope deflection method, if
joint B sinks by 10 mm. Given EI = 4000 kNm? Draw bending moment and shear force diagrams.
Draw elastic curve also.

20 kN/m l 80 kN

2 af\f\f{;\/\f\f\/\/\/\/\/\ C
/ 2El £ B El £

!4 8m -—~]|= 4m4>|

Figure 1.11(a): Continuous beam.

Solution Fixed End Moments

Mg = — 20:;82 = -106.67 kNm
My 5 22 ;; 8 10667 KNm
Mipe = -808)‘ d = —40KNm
Mcs = 2224 _ 40kNm

Slope Deflection Equations

Myp = MFAB+£(~28£{-)~(29A + 05 — %J

= -106.67 + 0.5EI0; — -‘%{ =ULLY, ,(Since, A = 10 mm = 0.01 m and 6,=0)
= —106.67 + 0.5EI0, — (@) [@), (Since, EI = 4000 kNm?)

= 0.5EI05—114.17
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106.67 +

Mg

2(2ED) 3A

3A
106.67 + EI 65 — 0.5 EI(?)

3x0.010
8

106.67 + EI 65 — 0.5 x 4000 x

= EI0y + 99.17

Mge = —30+%[26~B + 0, —%J

30 + EI 0, +0.5 EI 0, — % < 4000 %3 (-0-;)10),

(Since, A = -10 mm = -0.010 m)
=FEI0g + 0.5 EIO; — 15

= 30+ 0.5 EI 0 + EI 6, —%x 4000><3—(_0f10)
= 0.5 ElIOg + EI6c + 45
Equilibrium Equations
Mg =0
Mpy + Mpc =0
EI 65 + 99.17 + EI 65 + 0.5 E 6o =15 =0
or 2 EI6g +0.5 EI9; = -84.17 L(1.14)
SM; =0
Mgp=0
ie., 0.5 EI 03 + EI 0 + 45 =0
or 0.5 EI 65 + EI 6c = —45 .(1.15)
From Eqn. (1.14), 4 EI 0y + EI 6. = —168.34 .(1.16)

Subtracting Eqn. (1.15) from Eqn. (1.16), we get,

3.5 EI0g=-123.34

EI 0y =-35.24
Substituting it in Eqn. (1.15), we get,

0.5 (=35.24) + EI 0 =—45
or EI6-=-27.38
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Substituting the values of EI 6p and EI 6 in slope deflection equations, we get,
Mg = 0.5(-35.24) -114.17 = -131.79 kNm
Mpp = -35.24 + 99.17 = 63.93 kNm
Mpc = 0.5(-35.24) + (-27.38) —15 = — 60 kNm
Mcg = 0.5(-35.24) + (-27.38) + 45 =0
Bending Moment Diagram (BMD)

Free moment diagram in span 4B is a symmetric parabola with maximum ordinate

2
= XS _ e uin

Free moment diagram in span BC is a triangle with maximum ordinate at centre of span of
magnitude

_ 60x4 = 60 KNm

The end moments create tension at the top. Hence, bending moment diagram is as shown in
Figure 1.11(b).

Figure 1.11(b): Bending moment diagram.

Shear Force Diagram (SFD)
For calculating support reactions each span is treated separately as loaded with given loading and
end moments as shown in Figure 1.11(c).

'/_ 20 KN/m 60 \ 60lkN
INSNIN NN TNTIN TN

o N 1/ &8 |

Ry RB, R

131.75

»

e u(_"‘

Figure 1.11(c): Free body diagram.

_ 20x8x 4 +131.75 -60

Ry : = 88.961 kN
Rp; = 20 x 8 —88.961 = 71.039 kN
R, = 60xi+60 T

Hence, Ry = Ry + Rgp = 71.039 + 45 = 116.039 kN

Rc = 60 —45 =15 kN
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88.961
45
+ve +ve
—=ve Ve
15
71.039
Figure 1.11(d): Shear force diagram.
A

/B o

Figure 1.11(e): Elastic curve.

Hence, SFD 1s as shown in Figure 1.11(d).
Elastic curve is shown in Figure 1.11(e).

Example 1.5 Analyse the continuous beam ABCD shown in Figure 1.12(a) by slope deflection
method and draw bending moment diagram.

30 kN/m 60 kN 60 kN
A4 Vo 7 u AP

pm 2 mes]
Lm# el ]

Figure 1.12(a): Continuous beam.

Solution Fixed End Moments

2
Mg = — 301);4 = 40 KNm
Mz = 40 kKNm
Mizes = — 284 & a0 1
Mgcp = 30 kNm
60 x 2 x 42

Myep = == = ~53333 kNm

2
Meop = 602# = 26.667 kNm

Slope Deflection Equations

=—-40 + 05 EI 6 (Since, 64 = 0)
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2FEI
My = 40 + == (8, +205 - 0)
=40 + EI 0 (Since, 6, = 0)

2EI
MBC =30 + T(ec + 29B _0)

-30 + EI 03 + 0.5 EI 6,
2FI
Mg =30 + =—(85 +20c ~0) =30 +0.5 EI 05 + EI 6

~53.333 + 2%(29C +0p - 0)

X
o
Il

= -53.333 + 0.667 EI 6. + 0.333 EI 0

Mpc = 26,667 + %(ec +26p - 0)

= 26.667 + 0.333 EI 0c + 0.667 EI 6y

Thus, it is a system of three degrees of freedom, i.e., a system with three unknown displacement
components at joints. We need three equilibrium equations to determine them.

Equilibrium Equations
Mg =0
Mgy + Mpc =0
40 + EIOg — 30 + EIOg + 0.5 EIO; = 0
Le, 2 ElI6g + 0.5 EI6; = -10 (L 1T)
SMe =0
Mcg + Mcp= 0
30 + 0.5 EI0y + EI 0. — 53.333 + 0.667 EI6, + 0.333 EI6p = 0
Multiply throughout by 3 and rearranging the terms, we get,
1.5 EI®g + 5 EI0; + EI6p = 70 .(1.18)
Mp =0
Mpe =0
, 26.667 + 0.333 EI 6. + 0.667 EI 6, =0
or EI 6. + 2EI 6 = -80 ..(1.19)
Multiplying Eqn. (1.18) by 2, we get,
3 EI6g + 10 EI6: + 2 EIOp = 140 (120}
Subtracting Eqn. (1.19) from Eqn. (1.20), we get,
3 ElIOg +9 EI6: = 220 (1.21)
Multiplying Eqn. (1.17) by 1.5, we get,
3 EI®g + 0.75 EI0; = -15 = 122y

ie.
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Subtracting Eqn. (1.22) from Eqn. (1.21), we get,
8.25 EI O = 235
EI 6. = 28.485
From Eqn. (1.21), we get,
3 EI0g + 9(28.485) = 220
or El0g =-12.121

From Eqn. (1.19), we get,

28.485 + 2 EI6p = —80
or EI O = —54.243.

Note. Calculator may be used to solve three simultaneous equations.

Final Moments
Substituting the values of EI O, EI 6. and EI Oy, in slope deflection equations, final moments may
be obtained.

Mg = —40 + 0.5(=12.121) = — 46.061 kNm

Mg, = 40 — 12.121 = 27.879 kNm

Mpge = —27.879 KNm

Mg = 30 +0.5(=12.121) + 28.485 = 52.425 kNm
= ~54.425 kKNm

0

< X
8 6
|

Bending Moment Diagram
Free moment diagram for beam 4B 1s a symmetric parabola with maximum ordinate

_ 30x4°

= 60 kNm

Free moment diagram for beam BC is a symmetric triangle with maximum ordinate

60 x4

4
Free moment diagram for beam CD is a triangle with maximum ordinatc under the load and
its magnitude is

= 60 kNm

L T

End moments create tension at top. Hence, bending moment diagram is as shown in
Figure 1.12(b).

Figure 1.12(b): Bending moment diagram.

Example 1.6 Formulate slope deflection equations and equilibrium equations for the continuous
beam shown in Figure 1.13. Moment of inertia is same throughout.
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60 kN 40 kN

40 kKN/m l l
W E
4 B c S3 D 57
—»| 1 m |«2 m—>|
|<—3m—>-\-4—3m—.-¥4— 4m—>|-<—4m ——‘

Figure 1.13: Continuous beam.

Solution Fixed End Moments

40 x 32
Mg = — ;; = 30 kNm
Mipa = 30 kNm
MFBC = -30 kNm
Mgcg = 30 kNm

60 x 3 x 12

60 x 3% x 1
MFDC = ‘T = 33?5 kNlTl
Mg = 2% _ 56 Yim
Myep = 20 kNm
Slope Deflection Equations

Myp = —30+%(29A +0; —-0)= —30+23£(BB) (Since, 6, = 0)

Mpa = 30+ %(GA +205 —0) =30+ %(GB)

2FEI 4ET 2E1
MBC = —30+T(29B +BC —0) = —3O+T(GB)+T(BC)
Mep = 30+%(95 +20, - 0) = 30+¥es +geC

Mg = -11.25+ 242(29(: +0, —0) = —11.25+ EI 6, +0.5EI 6,

Mpc = 33.75 + % (0 + 20 — 0) = 33.75 + 0.5 EI 0, + EI 0,

Mg = —20+%(2BD +0; —0) = —20 + EI 0, + 0.5 EI 0

2EI
Myp = 20+ == (@p +205 —0) = 20+ 05 EI 0, + EI 6
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Equilibrium Equations
My =0
Mpp + Mpc =0

30 + %95—30+:£93+23£9C =0

5
3
or 4 EIOg + EI0c = 0 .(1.23)
Me = 0
Mep + Mcp=0

. EI'e, + %EI 0. = 0

2FI AEI
30 + (TJBB +[TJBC ~11.25+ EI0; +0.5EI 6 = 0

%EISB +%EIOC +0.5EI 0 =11.25 - 30

2 EI6g +7 EIO: + 1.5 EI O = -56.25 (124
My = 0
Mpc + Mpg = 0
33.75 + 0.5 EI 0 + EI 6 — 20 + EI 65 + 0.5 EI 65 = 0
0.5 EI6, + 2 EI6p + 0.5 EI6; = -13.75 (125)
Mg = 0
20 + 0.5 EI 6 + EI 85 = 0
or 0.5 EI 6, + EI 6 = 20 .(1.26)

Thus, equilibrium equations are:

4 1 0 07](EIeg 0
2 7 15 0 ||EI6.| |-5625
0 05 2 05]||Ere,| |-1375
0 0 05 10]||EI6yg -20

1.5.2 Analysis of Frames Without Sway

The side movement of the end of a column in a frame is called sway. Figure 1.14(a) shows frame
with sway when loaded. Both columns are having same sway (A), since, axial deformation of beam
BC is assumed negligible. In the frames shown in Figures 1.14() and (c), sway is prevented by
unyielding supports provided at the beam level. Frames shown in Figures 1.14(d), (e) and (f) also
do not have sway, because of geometric as well as load symmetry about the vertical axis. As a
first step in the analysis, in this article, frames without sway are considered. The procedure followed
in the analysis of such frames is same as that followed for continuous beams.
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Figure 1.14(a): Frame with sway. (b) Sway prevented by unyielding support. (¢) Sway prevented
by unyielding support. (d) No sway due to symmetry. (e) No sway due
to symmetry. (f) No sway due to symmetry.

Example 1.7 Analyse the frame shown in Figure 1.15(¢c) by slope deflection method and draw
bending moment diagram.

20 kN 12 KN/m

24
l fﬂ\nr\nnnf\lé (5;0 lf‘% EEE M
D R C .1 .2 (_
T @ \Jl.c f Lb N
3m @ i
L/’ 08 ¥\
77777 0.8
(a) (b) (©)

Figure 1.15(a): Given frame. (b) End moments. (c) Bending moment diagram.
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Solution Fixed End Moments

Mygpg = Mg =0
MFBD

4
AERE . g% en

Myge =

Mzep = 16 kKNm

Slope Deflection Equations

Mg = 16 + 2220 (205 +86c) = 16 + 2EI By,
2E(21
M = 16+ 2E5@D @ 1 20.) =16+ El 6y,

Equilibrium Egquations

Final Moments

ZMy = 0, gives
Mpp + Mpe + Mpp = 0

4
S EI85 ~16+2E1 05 +20 =0

3
EIBB =-1.2
2 2
MAB = §EI GB = 5(—12) = — 0.8 kNm

4
Mgy = (-12) = 1.6 KNm

=-16 + 2(-1.2) = -18.4 kNm
=16 + (~1.2) = 14.8 kNm

=X
| I

Bending Moment Diagram
Free moment diagram in span BC is a symmetric parabola with maximum value

4
_ 12x 4 e

20 x 1 = 20 kNm (Since, BD is a cantilever)

(Since, 6, = 0)

(Since, 6c = 0)

(Since, BC = 0)

Noting that clockwise end moments are positive and that anticlockwise end moments are
negative, these values are marked in Figure 1.15(b). Bending moment diagram is drawn, taking
tension on dotted side as positive and tension on other side negative [Figure 1.15(b)]. First free
moment diagram is drawn on compression side. Then end moment diagram is drawn on tension
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side of the member so that difference diagram, which is the final bending moment diagram can be
easily marked. It may be carefully noted that, if the end moments are marked in their sense on
members around the joint [as shown in Figure 1.15(5)] arrow head comes out on tension side. Figure
1.15(c) shows final bending moment diagram.

Example 1.8 Analyse the frame shown in Figure 1.16(a) by slope deflection method and draw
bending moment diagram. Flexural rigidity (£7) is same for all members.

iﬁU kN 30 kN/m
5# B ;%
2 m_>+
4m
D
v
TR AT A

|-<— 4111——J<— 4111—’, )

Figure 1.16(a): Given frame.

Solution Fixed End Moments

Mg = -1208" £ =60 1N
MFBA = 60 kNm
30 x 47

MFBC == = —40 kNm

12
MFCB = 40 kNm
Mypp = Mppp = 0

Slope Deflection Equations
2E] ;

Myp = —60-&-7(2\’:)A + 05 —0) = 60 — 0.5 IE 05, (Since, 0, = 0)

2EI

My = 60 + == (8, + 28, —0) = 60 + £I 6

Mpc = —40 + %(29B +0c) = —40+ EI0g + 0.5 EI 6,

Mo = 40+24£(93 +200) = 40 + 0.5 EI 0 + EI 0,
2EI ,
Mpp = 0+ == (285 +6p) = EI 65 (Since, O = 0)

Mpg = 0+ %(GB +20) = 0.5EI 6, (Since, 6, = 0)
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Equilibrium Equations
ZMy = 0, gives
Mgpp + Myc + Mgp = 0
60 + El g — 40 + EI 65 + 0.5 EI O + EI 65 = 0
3 EIfg + 0.5 EI06; = -20 .+:61:27)
IM- = 0, gives
Mcp =0
40+ 05 EI 6 + E[ 6 =0
or 0.5 EI 65 + EI 6, = —40 ..(1.28)
Subtracting Eqn. (1.28) from twice Eqn. (1.27), we get,
55El63 =0
or EI 63 =0
From Eqn. (1.28), EI 6 = —40
Final Moments
Substituting the values of EI Oy and EI 0. in slope deflection equations, we get,
Mg = —60 kNm
Mg, = 60 kNm
Mg = -40 + 0.5(-40) = =60 kNm
Mp =40+0-40=0
Mgy =0
Mpg =0
Bending Moment Diagram
Free moment diagram in span AB is a symmetric parabola with maximum ordinate

4
L

Free moment diagram for BC is a symmetric parabola with maximum ordinate

2
o SO e

Bending moment diagram is drawn treating it is as positive, if tension develops on dotted side
[Figure 1.16(4)], and is as shown in Figure 1.16(c).

60 60 60 60

z7 vel {ve
—ye Ve
B A— 7 %

NN

[~
dp

17

z5t=1

)] ()
Figure 1.16(b): End moments. (¢) Bending moment diagram.
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Example 1.9 Analyse the frame shown in Figure 1.17(a) by slope deflection method and draw
bending moment diagram.

20 kN
l 48 kKN/m l30kN
Aa Aran~annl
3 T ! B oy -—T—HD
I m 2m
3m 1
i 271 4m
E
7777777
F
77
|<— 3m - 4m —»

Figure 1.17(a): Given frame.

Solution Fixed End Moments

20 x 2 x 12
MFAB = —-T = —4.444 kNm
20x 2% x1
My, = == = 8.889 kNm
— 48 x 42
W = —— = —64 kNm
MFCB = 64 kNm

Mgcp = -30 x 2 = —60 kNm
Mypg = Mg = Mypcp = Mppe = 0

Slope Deflection Equations

Mg = —4.444 + iﬂ(zeA +05 —0) = —4.444 + % EI 6, (Since, 0, = 0)

Mg, = 8.889 + %(BA +205 — 0) = 8.889 +%EI 0p

My = —64 + 222D 09 0. —0) =—64+ 2E1 0, + EI 6,

Meg = 64+ 222D @ 120, —0)=64+El0, +2EI 6,

Mgz =0+ 2%(29B +0g) = ‘zﬂeB, (Since, 65 = 0)

2E] 2FE] ,
MEB =0+ T(BB + ZBE) = TGB, (Slnce, BE = O)
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2EQ21 :
Mc =0 + (1) (20; +0; —0) = 2EI O, (Since, 6z = 0)
2E(21
MFC =0+ &(1 ) (ec = 29F - 0) = EI ec, (Siﬂce, BF = 0)
Equilibrium Equations
My = 0, gives

Mgp + Mpe + Mgg = 0

8.889 + %EIOB - 64 + 2EI 0 + EI 6, +%EIGB =0

4.667 EIOg + EI 6c = 55.111 «i(1:29)

M- = 0, gives

Mcp + Mcp + Mcg = 0

64 + EI6g +2 EIO:— 60 +2 EI6: =0

[Since, M-p = — 60 kNm, Cantilever moment]

ElIOg + 4 EIO: = -4 ..(1.30)

Subtracting Eqn. (1.30) from 4 times Eqn. (1.29), we get,
(18.668 — 1) EI0g = 220.444 + 4

EI0g = 12.703

Substituting it in Eqn. (1.29), we get,
4.667 x 12.703 + EI 0c = 55.111
El6: = -4.174

Final Moments

Substituting the values of EI 6z and EI 6. in slope deflection equations, we get,

2

Mpyp = - 4.444 + 3 x 12.703 = 4.025 kNm

MBA = 8.889 +

4
3 % 12.703 = 25.827 kNm

Mpe = —64 + 2 x 12703 + (- 4.176) = — 42.770 kNm
Mcp = 64 + 12.703 + 2(- 4.176) = —68.351 kNm

4

Mgg = 3 x 12.703 = 16.937 kNm

Myp = % x 12.703 = 8.469 kNm

Mcyp = 2(-4.176) = —8.352 kKNm
Mgz = —4.176 kKNm

Bending Moment Diagram

In the above end moment expression, the sign convention for clockwise is positive and that of
anticlockwise 1s negative. These directions are marked on the sketch of the frame as shown in
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Figure 1.17(b). From this it is possible to identify whether and moment causes tension or compression
on the dotted side.

2\ il ™
/B — \e-fermshom dr -
\ 5 ./
L
77777 ﬁ\
77777

Figure 1.17(b): End moments.

Free moment diagram in beam 4B is a triangle with maximum ordinate under load and its
magnitude is

L e

Free moment diagram for span BC is a symmetric parabola with maximum ordinate

_ 48 x 42

= 96 KNm

These diagrams are drawn on compression side of the member; end moment diagram is drawn
on the tension side so that the difference diagram, i.e., the final diagram, can be seen easily.
For cantilever portion, tension is at top and bending moment varies from zero at free end to
60 kNm at C. Hence, bending moment diagram is as shown in Figure 1.17(c).

9
B33\ 42770 7768351
7
4021 Z X 25,07 A%

16.937 Z 8.352

8.469 é

4.86

Figure 1.17(c): Bending moment diagram.

Example 1.10 Analyse the frame shown in Figure 1.18(a) by slope deflection method and draw
bending moment diagram.
40 kN/m

AN FAVAVAVAVAVAVAVAN

T B 27 c

4m | [ I

’ A D
777 ZTTATE
6 m—

Figure 1.18(a): Given frame.
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Solution Due to symmetry there is no sway in the frame.
Fixed End Moments
Myap = Mypc = Mypc = Mycp = 0

s 2
Mipe = % = 120 kKNm

MFCB = 120 kNm

Silope Deflection Equations

2]
My =0+ ==(20, + 05 ~0) = 0.5 EI 85,

Mgy =0 + iﬂ(eA +20, - 0) = EI 0y,

Mac =-120+ 222D 99 10, —0)= —120+%EIBB +§EIBC

Mes = 120+ 2£CD o 420, —0) = 120+§EIGB +§EIGC
2EI

MCD= 0+ T(ZBC+BD "‘0)-: Efec,

Mpe =0+ zzlﬂ(ec + 20, —0) = 0.5 EI 0.,
Equilibrium Equations
IMp = 0, gives
Mpp + Mpc =0
EI g —120+;EIBB +§EIGC =0

Multiplying throughout by 3 and rearranging, we get,
7 EIOg + 2 EIO: = 360
M- = 0, gives
Mcp + Mcp= 0

120 + %EIGB+%EIGC +EI6; =0

Multiplying throughout by 3 and rearranging, we get,
2 ElIOg +7 EIG; = — 360
Multiplying Eqn. (1.31) by 3.5, we get,
245 EI6g + 7 EI05 = 1260

(Since, 6, = 0)

(Since, 0, = 0)

(Since, 6p = 0)

(Since, 6p = 0)

(131

(132}

..(1.33)
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Subtracting Eqn. (1.32) from it, we get,
22.5 EI 65 = 1620

or El0g =72
Hence, from Eqn. (1.31),
7x 72+ 2 EI0: =360

El6; = 72

Final Moments

Substituting the values of E/ 6y and EI 6. in slope deflection equations, we get,
Mg = 0.5 x 72 = 36 kNm

MBA = 72 kNm

Mo = — 120 + %(?2) + %(—72) = _72 KNm
2 4

Meg = 120 + 5(72) + g(—72) =72 kNm

My = =72 KNm
MDC = —36 kNm

Bending Moment Diagram

Noting that the sign convention for clockwise is positive, these moments are marked on the sketch
of the frame as shown in Figure 1.18(b). For drawing bending moment diagram, moment creating
tension on dotted line side is treated as positive. Free moment diagram in beam BC is a symmetric
parabola, with maximum moment

2
- 20X6 _ 180 kNm
Bending moment diagram is as shown in Figure 1.18(c).
180
. o e
C Z
( ) ———————————————————— 1 'j 72 72

a6 # N g\ 36 36Z
7777777 7777777

®) (o)
Figure 1.18(b): End moments. (¢) Bending moment diagram.

1.5.3 Analysis of Frames with Sway

As discussed in the previous article, there will be a sway in frames, if there is unsymmetry with
respect to geometry or loading or due to both. Figure 1.19 shows various one bay one storey frames
in which there will be sway. Frame shown in Figure 1.19(a) is having a sway because there is no
symmetry of loading as well as symmetry in geometry. Frames shown in Figure 1.19(b) and Figure
1.19 (¢) are having sway because there is no symmetry with respect to the loading. Frames shown
in Figures 1.19(d) and Figure 1.19(e) are having sway because there is no geometric symmetry.
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W, w/unit length w
Wz - B l C W ..._B FaVaVaVaeVaValal ¢ B i ¢
]'i [3 I}‘
L I /, I I I,
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w/unit length w/unit length
B ponna~nanna (O B aroAnnasann s
I, I,
!
: I, I i
A D
Vo TP 7777
A D
P o7
(d) (e)

Figure 1.19(a): Sway due to horizontal force and unsymmetry. (b) Sway due to horizontal force
only. (c) Sway due to unsymmetry of load. (d) Sway due to unsymmetry of geometry. (e) Sway
due to unsymmetry of properties of columns.

Consider the analysis of frame shown in Figure 1.20(a). Let A be the sway, while writing the
slope deflection equations, it may be noted that due to sway the ends are at different levels. Hence,
contribution of ‘A’ terms also should be taken into account. We find in this problem, there are three
unknowns, namely 05, 6 and A. Moment equilibrium conditions at joints B and C give two equations.
One more equation of equilibrium is required. For that, consider the free body diagrams of columns
[Refer Figure 1.20(b)], in which the end moments are marked in their positive senses so as to get
general expression. Taking moment about top joints, expressions for horizontal shear at supports 4
and B will be:

f, = Map + Mpy —Pa iy = Moo + Mep
LA.B LCD
w/unit length
. MBA - MQF C
A B C _/ _/
a Ia :
P v . T P —'—»
Ly
! 4 ria “IN
Yo 77L HA—'A M,y /\M
D T
AL HD—.ELD o
(a) (b)

Figure 1.20(a): Typical frame with sway. (b) Free body diagrams of columns.

After knowing H, and Hp, we can write horizontal equilibrium equation for the frame as
Hy+Hp+P=0
This gives additional equation required. It is called shear equation/shear condition. Hence, 0,,
Op and A can be found. The procedure is illustrated with the examples below.
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Example 1.11 Analyse the frame shown in Figure 1.21(a) and draw bending moment diagram.

40 kN/m

FaVaVaVa¥aVa¥al

TB 21 cT

4m|J

l 21| 6m
D
KR

f— sm —f

Figure 1.21(a): Given frame.

Solution Let A be the sway as shown in Figure 1.21(5). Since, axial deformation is assumed
negligible (in member BC) both columns sway by same amount.

| A | A |

i |

Vo4
Figure 1.21(b): Frame with sway.

Fixed End Moments
Mgpg = Mpga = Mycp = Mypc = 0

4 2
Mo = — 0;;6 =_120 kNm
MFCB: IZOkNm
Slope Deflection Equations
My =0+ %{(NA +05 — %) = 0.5EI 85 — 0.375A, (Since, 6, = 0)
2 3A
Mgy =0+ %[BA +20g — T) = EI 05 — 0.375A, (Since, 6, = 0)
Mpgc = -120 + 2Bl (205 +6c —0) = —120 +1.333 EI 8 + 0.667 EI 6
Mcp = 120 + ZESI) (85 +26, —0) =120 + 0.667 EI 6 +1.133 EI 6
Map = 0 + 25T (2ec +0p - %) =1.333 E1 6, — 0.333 EIA,  (Since, 6p = 0)
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Moo = 0 + 2EQ2I)

Equilibrium Equations
XMy = 0, gives
Mpy + Mpc =0

EI0g — 0.375A — 120 + 1.333 EI0g + 0.667 EI6: = 0

or 2.333 EI 6 + 0.667 EI 6- — 0.375A = 120
and IMc = 0, gives
Meg + Mcp = 0

120 + 0.667 EI 05 + 1.333 EIO; + 1.333 EI0-, - 0333 EIA=0

or 0.667 EI 6 + 2.667 EI 6c — 0.333A = -120

(ec +20, - %) = 0.667 EI 0, — 0.333 EIA

..(1.34)

.(1.35)

Considering free body diagrams of columns [Refer Figure 1.21(c)] and taking moment about

top joints, we get,

+
- M + Mgy - H,
4 6

A

Hy

Hﬁ—h M,, /-\'

Hy——¢ M,
Figure 1.21(c): Free body diagram of columns.

Now considering horizontal equilibrium of the frame, we get,

HA"!"HD:O
Mpp + Mpy  Mcp + Mpc -0
4 6
or 3(Mpp + Mgy) + 2(Mcp + Mpe) =0

3(0.5 EI0g — 0.375 EIA + EI By — 0.375 EIA)

+2(1.333 EI6 — 0.333 EIA + 0.667 EI 6 — 0.333 EIA) = 0

i.e, 45 EI6g + 4 EI0; — 3583 EIA =0
Multiplying Eqn. (1.35) by 3.5, we get,
2.333 El6g + 9.333 EIOc — 1.167 EI A = 420
Subtracting Eqn. (1.37) from Eqn. (1.34), we get,
—8.667 EI 6 + 0.792 EI A = 540
Multiplying Eqn. (1.35) by 6.75, we get,
4.5 EI6g + 18.00 EI6, — 2.25 A = =810

_ Mcp + Mpc

..(1.36)

.(1.37)

.(1.38)

..(1.39)
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Subtracting Eqn. (1.36) from it, we get,

14 EI0c + 1.333 EIA = -810 ...(1.40)
T time Eqn. (1.38) is
—14 EI6- + 1.279 EI A = 872.274 AL

Adding Eqn. (1.40) and Eqn. (1.41), we get,

2612 EIA = 62274
or ETA = 23842

Substituting it in Eqn. (1.41), we get,
—14 EI0. + 30.493 = 872.274
EI0: = -60.127

Substituting the values of E/6q and EI A in Eqn. (1.36), we get,
4.5 EI 65 + 4(—60.127) — 3.583 (23.842) = 0
El6g = 72.43

Note. Calculator may be used to solve three simultaneous equations.

Final Moments

Substituting the values of EI 0y, EI 6, and EI A in slope deflection equations, we get,
Mg = 0.5(72.43) — 0.375 x 23.842 = 27.274 KNm
Mg, = 72.43 — 0.375 x 23.842 = 63.489 kNm
Mpe = -120 + 1.333 x 72.43 + 0.667 (-60.127) = —63.556 kNm
Mcg = 120 + 0.667 x 72.43 + 1.333(-60.127) = 88.162 kNm
Mcp = 1.333(-60.127) — 0.333 x 23.842 = —88.162 kNm
Mpe = 0.667(-60.127) — 0.333 x 23.842 = — 48.044 kNm

Bending Moment Diagram

These moments are first marked on a sketch of frame as shown in Figure 1.21(d). For drawing
bending moment diagram tension on the dotted side is taken as positive moment, which is as shown
in Figure 1.21(e)

63.500 88.162 180
(o &
g B 63.500 88.162
i : 63.500 88.162
(27274 : \% /
TTT7777 i
48.044 ¥ | };
APPr 27.266 71 48.044
(@) (€)

Figure 1.21 (d): End moments. (e) Bending moment diagram.

Note: Due to round-off errors My, # Mpe and Mcg # Mop. While drawing bending moment diagrams
they may be rounded-off and made equal.
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Example 1.12 Analyse the frame shown in Figure 1.22(a) by slope deflection method.

80 kN

3m—»le—3m
= ‘ﬂc

B
L. 21
40 kN
1 1
3m
i A D
777 7777777

Figure 1.22(a): Given frame.

Solution Let the columns sway by A as shown in Figure 1.22(b)
| A | | A

L

Figure 1.22(b): Frame with sway.
Fixed End Moments

40 x 3 x 12
Mg = === 35— =75 kN
2
M = % = 22.5 kNm
Mo = — 250 65 i
MFCB = 60 kNm

Silope Deflection Equations

Mys =15+ %[ZBA 40— %AJ

=-75+ 05 EI6g — 0.375 EI A, (Since, 8, = 0)
MBA =225+ E(GA + ZBB — %)
4 4
= 22.5 + EI6y — 0.375 EI A, (Since, 8, = 0)
2EQ21
Mgc =-60 + ( )(293 +6c —0)

=—-60 + 1.333 EI6g + 0.667 EI O¢
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Mg = 60 + SEGL) (BB + 20, —0) =60 + 0.667 EI0g + 1.133 EI 6.
2EI 3A
Mo = T(ZGC + BD — T)
= EI0: — 0.375 EI A, (Since, Op = 0)
2EI 3A
MDC = T{GC + 29[} = T}
= 0.5 EI0; — 0.375 EI A, (Since, 6p = 0)
Equilibrium Equations
ZMy = 0, gives
Mpp + Mpc =0

ie.,

and

ie.,

225 + EIOg — 0.375 EIA — 60 + 1.333 EIOg + 0.667 EIO: =0
2333 EIOg + 0.667 EI 68— 0.375 EIA = 37.5

M = 0, gives

Mg+ Mcp=0

60 + 0.667 EI6g + 1.333 EIOc + EIO6: — 0375 EIA =0

0.667 EIOg + 2.333 EI 6, — 0.375 EI A = -60

Shear Equations

Consider the free body diagram of columns shown in Figure 1.22(c). Taking moments about top joints,

ie.,

and

HAX4+4OXIZMAB+MBA

MBA B M(.‘D i
Y \
40 kN
4 4
\ MAB \ Mn(:
H gV i "\D
A Hy

Figure 1.22(c): Free body diagram of columns.

4Hy = Mg + Mgs — 40 x 1
=-75+05El05—-0375EIA+225+EI 06— 0375 EIA- 40
4H =15 EI 65 — 0.75 EI A - 25
Hpx 4 = Mcp + Mpc
=FEI0; - 0375 EI A+ 0.5 EI 6. — 0.375 EI A
=15EI0:-075EIA
XH = 0, gives
Hy + Hp + 40 =0
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4Hp + 4Hp + 160 = 0
ie., 1.SEI6g—075 EIA-25+15El6:-075E[A+160=0
15EI0g+15E16:-15E[A+135=0
ElI Og + EI 6c — EI A = -90 ~.(1.44)
Multiplying Eqn. (1.43) by 3.5, we get,
2.333 EI 6 + 8.166 EI 6 — 1.3125 EI A = -210 ...(1.45)
Subtracting Eqn. (1.45) from Eqn. (1.42), we get,
—~7.5 EI Oc + 0.9375 EI A = 2475 ..(1.46)
Dividing Eqn. (1.43) by 0.667, we get,
EI 6g + 3.5 EI 6 — 0.5625 EI A = -90 ..(1.47)
Subtracting Eqn. (1.44) from Eqn. (1.47), we get,
25 FEI0: +04375 ETA=0

or 75 EI0c+ 13125 EIA=0 ...(1.48)
Adding Eqn. (1.46) and Eqn. (1.48), we get,
225 EI A= 2475

EI A =110
. From Eqn. (1.48), EI 8¢ = -19.25
Substituting these values of EI A and EJ 6. in Eqn. (1.44), we get,
EI 65 + (-19.25) — 110 = -90
or EI 6 = 39.25
Final End Moments

Substituting the values of EI g, EI 6, and EI A in slope deflection equations, final moments are
obtained.

M, = -7.5+0.5(39.25)-0.375(110)=—29.12 kNm
Mg = 22.5+39.25-0.375(110) = 20.5 kNm

Myge = — 60+ 1.333(39.25)— 0.667(~19.25)=—20.5 kNm
Mg = 60+0.667(39.25) +1.333(=19.25)=60.51 kNm
Mep = (=19.25)-0.375x 110=—60.51 kNm

Mpe = 0.5(=19.25)—0.375 x 110=-50.875 kNm

Example 1.13 Analyse the portal frame shown in Figure 1.23(a) by slope deflection method.

30k§
TB— I C
3m ] I
Y 45°N\ b
KRR,
’<74m—>-{<~3 m“'{

Figure 1.23(a): Portal frame.
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Solution Fixed End Moments
In all members, fixed end moment 1s zero.

Slope Deflection Equations

Figure 1.23(b) shows deflected frame. Let B move to B’ and BB’ be equal to A. Since, axial
deformations are neglected, CC’ = A. However, final position of C cannot be C” because as per
the assumption in slope deflection method, member DC cannot have axial deformation. CD
can have movement only normal to itself. CC ” is the line normal to CD. As BC can have only
normal movement and no axial deformation C” is taken at normal to CC” at C’. Now ACC'C"”

represent end settlements of members. Since, CC ” is normal to horizontal and CC” normal to DC,
ZCC"C" = 0 = 45°

e
B o -
B)
‘ABA
A
ANNSSRNN

Now, ABA =A
ABC =A
1 A
and Apc = CC” = =24

cos 6
While writing slope deflection equations, relative settlement of ends of members
(Aap = Apc = Ape) should be carefully considered.

My =0+ E(29}\ + 05 —M—@]
3 3
= 0.667 EI 85 — 0.667 EI A, (Since, 0, = 0 and App = A)

= 1.333 EI 65 — 0.667 EI A (Since, Axp = A)

Aap 1s negative, since the position of C is above that of B.
Mgc = EI6g + 0.5 EI0; + 0.375 EIA

Mcg =0 + E[GB +20, — 3@)
4 4
= 0.5 EI8y + EI0c + 0375 EIA (Since, Asg = — A)

Mep =0+ %[2&0 +0p — 3@}
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= 0.8 EI0c — 0.24 EI(N2 A), (Since, 8p = 0 and Acp = 2 A)
= 0.8 EI6. — 0339 EI A

Mo = bt %[ec +20p — 3(‘?‘”) = 0.4 EI 0y — 0339 EIA

Equilibrium Equations

My = 0, gives

Mpp + Mpc =0

1.333 EI6g — 0.667 EIA + EIOg + 0.5 EI6: + 0375 EIA =0
Eei 2333 EI6g + 0.5 EI6,— 0.292 ETA =0 ..(1.49)
and M = 0, gives

Mcep + Mcp= 0

0.5 EI®g + EIO: + 0375 EIA + 08 EI06- — 0339 EIA =0

0.5 EI65 + 1.8 EI0c + 0.036 EIA = 0 .(1.50)

Shear Equations
Consider the free body diagram of columns AB and BC [Figure 1.23(c)]

VA VD

Figure 1.23(c): Free body diagram of columns.

Taking moment about B,

Hyx 3 = Mup+ Mgy +i(1:51)
Taking moment about D,
HD X 3 g I'D X 3 = MCD + MDC (152)

To find I'H, moment about B in entire frame may be considered

Jpx7=30x3

or I'p= 12.857 kN
Hpx 3 +3x 12857 = Mcp + Mpc
3Hp = Mcp + Mpe —38.571

and XH = 0 for entire frame gives
Hy+Hp+30=0
3Hp, +3Hp+90 =0
Myp + Mg + Mop + Mpe— 38571 + 90 = 0
0.667 EI 65 — 0.667 EI A + 1.333 EI 6 + 0.8 EI 6c — 0.339 EI A

+ 04 EI 6c +0.339 EI A = — 51.429



ie.,

or

2El0g +12EI6G: —2011 EI A =-51.429

3
Dividing Eqn. (1.51) by % we get,

2 EI 6 +0.429 EI 6 — 0250 EI A =0
Subtracting Eqn. (1.54) from Eqn. (1.53), we get,

0.771 EI ©¢ — 1.761 EI A = -51.429
Multiplying Eqn. (1.52) by 4, we get,

2EI0g+72El0:+0144 EIA=0
Subtracting Eqn. (1.53) from Eqn. (1.56), we get,

6 EI 0 + 2.155 EI A = 51.429

6
Multiplying Eqn. (1.55) by ——— t
ultiplying Eqn. ( ) by 0771’ we get,

6 EI 6- — 13.704 EI A = -400.225
Subtracting Eqn. (1.58) from Eqn. (1.57), we get,
15.859 EI A = 451.655
A = 28.480
From Eqn. (1.57),
6 EI 0. + 2.155 x 28.480 = 51.429
EI 6, = -1.658
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..(1.53)

L(1.54)

.(1.55)

..(1.56)

(1.57)

..(1.58)

Substituting these values of EI A and EJ 6. in Eqn. (1.53), we get,
2 EI 0 + 1.2(-1.658) — 2.011(28.480) = —51.429

EI 05 = 3.917

Note: Calculator may be used to solve three simultaneous equations.

End Moments

My = 0.667(3.917) — 0.667 (28.480) = —16.384 kNm
Mg, = 1.333(3.917) — 0.667(28.480) = —13.770 kNm

Mpc = 3.917 + 0.5(-1.658) + 0.375 x 28.480 = 13.770 kNm
Mcp = 0.5(3.917) — 1.658 + 0.375 x 28.480 = 10.981 kNm

Mcp = 0.8(~1.658) — 0.339 x 28.480 = —10.981 kNm
Mpe = 0.4(=1.658) — 0.339 x 28.480 = —16.286 kNm

Note: For solving simultaneous equations up to 3rd order, calculator may be used.

1.

SUMMARY

Assuming joints as rigid and neglecting axial and shear deformations, the slope-deflection equation

is derived as:

2Ef 3A
MAB = MFAB + T[2BA +BB —T]
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In the above expression, clockwise moment and rotations are positive and settlement of right hand
side support over left hand support is positive.

2. Considering each joint as fixed, the fixed end moments are found and slope-deflection equations
are written in terms of unknown displacements. Then joint equilibrium equations are formed and
solved to get unknown displacements.

3. Then joint moments in each member are found and SF and BM diagrams drawn.

4. Procedure is illustrated by taking the analysis of continuous beams, frames without and with sway.

MULTIPLE CHOICE QUESTIONS

Select the correct option:

1. The final moment at the end A in a beam AB due to rotations 04, 0, and downward settlement of
support at B is given by:

4E| 3A 2E| 3A
(a) MFAB+_‘-:2-'(BA +295—T] {b) MFAB+—L2""{2BA+BB—T)
2El 3A 4E| 3A
(c) Mens + L—Z[BA +26, - TJ (d) Meas + ?[94 +28, + T] [Ans: 1. (c)]

2. Which one of the frames shown in the figure shown below does not sway?

I, _W
(a) I, I (b) { L
el i STITTT STTI77
L I
(c) I I, (d) I, L [Ans: 2. (b)]

3. In the frame shown in the figure, if the lateral sway of BC is A, the sway in member DC is:
(@) A (b) A cos 6
(c) A sin© (d) A secb

s7r777 A D [Ans: 3. (d)]
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EXERCISES

1. Analyse the continuous beam shown in figure given below by slope deflection method and draw
bending moment diagram. Flexural rigidity is constant throughout.

l36 kN 30 kN/m 120 kN

N FAVAYVAYAY.AN

B C D
Ll_ m
. : dvn l mJ Ans: Mg = 2.88 kNm;

MBA = 37.76 kNm = -MBC
MCB = 20 kKNm

R

MANAAN

2. Analyse the continuous beam ABCD shown in figure given below, if support C sinks by 10 mm.
Take E = 2 x 105 N/mm? and / = 4 x 107 mm*

40 kN/m 120 kN 60 kN/m
|:j2 m
]4—3 m 3 m—>|

Ans: Mag = -0.111 kNm;
Mgp = —Mpc = 89.777 kKNm
MCB = _MCD = 24111 kNm

MDC = 82.111 kNm

3. Analyse the continuous beam shown in figure given below by slope deflection method and draw
bending moment diagram.

40 kN 15 kN/m 18 kN
l /\ /\/\/\/\/\/\/\ l D

E
21 1 53
! L— |4 Ral! m|-<-
le4m PR 4
Ans: Mag = 2.67 kNm;

Mga = ~Mge = 65.33 kNm
Mcg = =Mcp = 41.33 kNm

160 kN

_“'_
A

4. Formulate the required equilibrium equations for analysing continuous beam shown in figure given
below by slope deflection method.

20 thn l4{) kN 40 kN
A .r’\ /\/"\f\ (:
|¢2 m:l 21 Fzm
|<—3m Sm ;j
1.333 0667 0 0 |[El0, 15
0.667 2333 05 O ||E/ 5
Ans: % =
0 05 26 08/||El6c -08

0 0 08 16]|El6p -288
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5. Analyse the frame shown in figure given below by slope deflection method and draw bending moment
diagram.

120 kN
By cf
T_ 21
2 m—a}e——4 m —»]

Ans: Mg = 26.667 kKNm;
MBA = _MCB = 53.333 kNm
MCB = 80 kNm

6. Analyse the symmetric frame shown in figure given below by slope deflection method.

40 kN 40 kN
’4—2 m—-sla—2 m—mla—>2 m—»l
B Y Y C
y
I'm 21
-
30 kN )i I 20 kN

2m
_l_ A D

ESSNRNN ESSARNN

Ans: Mpg = 6.667 KNm;
MBA T —MB(; = 40 kNm
MCB = _MCD = 40 kNm
Mpc = —6.67 kNm
7. Analyse the portal frame shown in figure given below by slope deflection method and draw bending

moment diagram.
Note: Unknowns are 6g, 6¢ and A

Ans: Mg = —82.5 kNm;
MBA = _MBC = 2.5 kNm
MCB =0
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8. Analyse the portal frame shown in figure given below by slope deflection method.

60 kN
40kN i c
2 |-1—4m—'-
4m I /
A D
SN ARSANNN
- &m >

Ans: Mpg = -25.71 kNm,
Mga = —=Mgc = 5.72 kNm
Mcg = -'MCD = 74.29 kNm
Mpc = —65.72 kNm

9. Analyse the frame shown in figure given below by slope deflection method. Assume uniform fiexural
rigidity throughout.

60 kN
40 kN l ,
> G
T B
4 m
A D
|-c— 2m —>|<— 2m —»l-— 3m —>|
Ans: Mpg = -34.64 kNm;
Mga = —Mpc = -21.30 kNm
MCB = "'MCD = 56.59 kNm
Mpe = —47.49 kNm
REVIEW QUESTIONS

1. State the assumptions made in deriving slope-deflection equations.

2. State and derive slope-deflection equation.



