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OBJECTIVES:  

1.To understand the significance of algorithms in the computer field.  To understand the various aspects of 

algorithm development. 

 2.To find the qualities of a good solution.  To understand the significance and importance of program 

correctness. 

 3.To understand the relationship between algorithms and other fields in the computer realm.  To understand 

the significance of algorithm efficiency.  

COURSE OUTCOMES:  

4.Students will be able to demonstrate the performance of algorithm and represent time complexity.  

Students will understand to design the efficient algorithms using Divide and Conquer algorithm design 

technique.  

5.Students will demonstrate a number of standard algorithms for problems using Greedy method.  Students 

will be able to understand the Dynamic Programming algorithm design strategies and solve the problem using 

this technique.  

6. Students will learn the Backtracking design strategies.  Students will be able to understand the Distinguish 

between P and NP Problems. 

 MAPPING OF COs & POs CO/PO PO1 PO2 PO3 PO4 PO5 PO6 PO7 PO8 PO9 PO10 PO11 PO12 PSO1 

PSO2 PSO3 CO1 2 2 1 2 2 2 CO2 2 3 2 2 2 CO3 2 3 2 2 2 CO4 2 3 2 2 2 CO5 2 3 2 2 CO6 2 2 2 2 1 

 UNIT-1 Introduction: Algorithm, Pseudo code for expressing algorithms, Performance Analysis-Space 

complexity, Time complexity, Asymptotic Notation- Big oh, Omega, Theta notation and Little oh notation, 

Disjoint Sets disjoint set operations, union and find algorithms.  

UNIT-2 Divide and conquer: General method, applications-Binary search, Finding Maximum and minimum, 

Quick sort, Merge sort, Strassen’s matrix multiplication. 

 UNIT-3 Greedy method: General method, applications-Job sequencing with deadlines, knapsack problem, 

Minimum cost spanning trees, Single source shortest path problem. 

 UNIT-4 Dynamic Programming: General method, applications- 0/1 knapsack problem, All pairs shortest path 

problem, Travelling sales person problem, Reliability design, optimal binary search tree.  

UNIT-5 Backtracking: General method, applications-n-queen problem, sum of subsets problem, graph 

coloring, Hamiltonian cycles.  

UNIT-6 NP-Hard and NP-Complete problems: Basic Concepts, Non Deterministic algorithms, the classes of 

NP Hard and NP Complete, Cook’s Theorem.  
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UNIT-1 Introduction: Algorithm, Pseudo code for expressing algorithms, Performance Analysis-

Space complexity, Time complexity, Asymptotic Notation- Big oh, Omega, Theta notation and Little 

oh notation, Disjoint Sets disjoint set operations, union and find algorithms

  

 
 

ALGORITHM 
 

Informal Definition: 

An Algorithm is any well-defined computational procedure that takes some value 

or set of values as Input and produces a set of values or some value as output. Thus algorithm is 

a sequence of computational steps that transforms the i/p into the o/p. 

 

Formal Definition: 
An Algorithm is a finite set of instructions that, if followed, accomplishes a 

particular task. In addition, all algorithms should satisfy the following criteria. 

 

1. INPUT  Zero or more quantities are externally supplied. 

2. OUTPUT  At least one quantity is produced. 

3. DEFINITENESS  Each instruction is clear and unambiguous. 
4. FINITENESS  If we trace out the instructions of an algorithm, then for all cases, the 

algorithm terminates after a finite number of steps. 

5. EFFECTIVENESS  Every instruction must very basic so that it can be carried out, in 
principle, by a person using only pencil & paper. 

 

Issues or study of Algorithm: 
 

 How to device or design an algorithm  creating and algorithm. 

 How to express an algorithm  definiteness. 

 How to analysis an algorithm  time and space complexity. 

 How to validate an algorithm  fitness. 

 Testing the algorithm  checking for error. 

 

Algorithm Specification: 
 

Algorithm can be described in three ways. 
 

1. Natural language like English: 

When this way is choused care should be taken, we 
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should ensure that each & every statement is definite. 
 

2. Graphic representation called flowchart: 

is small& simple. 

3. Pseudo-code Method: 

This method will work well when the algorith
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In this method, we should typically describe algorithms as program, which resembles language like 

Pascal & algol. 

 

Pseudo-Code Conventions: 

 

1. Comments begin with // and continue until the end of line. 

 

2. Blocks are indicated with matching braces {and}. 

 

3. An identifier begins with a letter. The data types of variables are not explicitly declared. 

 

4. Compound data types can be formed with records. Here is an example, 

Node. Record 

{ 

data type – 1 data-1; 

. 

. 

. 
data type – n data – n; 

node * link; 

} 
 

Here link is a pointer to the record type node. Individual data items of a record 
can be accessed with  and period. 

 

5. Assignment of values to variables is done using the assignment statement. 

<Variable>:= <expression>; 

 

6. There are two Boolean values TRUE and FALSE. 

 

 Logical Operators AND, OR, NOT 

Relational Operators <, <=,>,>=, =, != 
 

7. The following looping statements are employed. 

 

For, while and repeat-until 

While Loop: 

While < condition > do 

{ 

<statement-1> 

. 

. 

. 
 

<statement-n> 

} 
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For Loop: 

For variable: = value-1 to value-2 step step do 
 

{ 

<statement-1> 

. 

. 

. 

<statement-n> 
} 

repeat-until: 
 

repeat 

<statement-1> 

. 

. 

. 

<statement-n> 
until<condition> 

 

8. A conditional statement has the following forms. 

 

 If <condition> then <statement> 

 If <condition> then <statement-1> 

Else <statement-1> 

 

Case statement: 
 

Case 

{ 

 

 

 

 

 

} 

 

 
: <condition-1> : <statement-1> 

. 

. 

. 
: <condition-n> : <statement-n> 

: else : <statement-n+1> 

 

9. Input and output are done using the instructions read & write. 

 

10. There is only one type of procedure: 

Algorithm, the heading takes the form, 
 

Algorithm Name (Parameter lists) 
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 As an example, the following algorithm fields & returns the maximum of ‘n’ given 

numbers: 

 

1. algorithm Max(A,n) 

2. // A is an array of size n 

3. { 

4. Result := A[1]; 

5. for I:= 2 to n do 

6. if A[I] > Result then 

7. Result :=A[I]; 
8. return Result; 

9. } 

 
 

In this algorithm (named Max), A & n are procedure parameters. Result & I are Local 

variables. 

 

 Next we present 2 examples to illustrate the process of translation problem into an 

algorithm. 

 

Selection Sort: 

 

 Suppose we Must devise an algorithm that sorts a collection of n>=1 elements of 
arbitrary type. 

 

 A Simple solution given by the following. 

 

 ( From those elements that are currently unsorted ,find the smallest & place it next 

in the sorted list.) 

 

Algorithm: 

 

1. For i:= 1 to n do 

2. { 

3. Examine a[I] to a[n] and suppose the smallest element is at a[j]; 

4. Interchange a[I] and a[j]; 

5. } 

 

 Finding the smallest element (sat a[j]) and interchanging it with a[ i ] 

 We can solve the latter problem using the code, 

t := a[i]; 

a[i]:=a[j]; 
a[j]:=t; 
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 The first subtask can be solved by assuming the minimum is a[ I ];checking a[I] with 

a[I+1],a[I+2]…….,and whenever a smaller element is found, regarding it as the new 

minimum. a[n] is compared with the current minimum. 

 

 Putting all these observations together, we get the algorithm Selection sort. 
 

Theorem: 

Algorithm selection sort(a,n) correctly sorts a set of n>=1 elements .The result remains 

is a a[1:n] such that a[1] <= a[2] ….<=a[n]. 

 

Selection Sort: 
Selection Sort begins by finding the least element in the list. This element is moved 

to the front. Then the least element among the remaining element is found out and put into second 

position. This procedure is repeated till the entire list has been studied. 

 

Example: 
 

LIST L = 3,5,4,1,2 

 

1 is selected ,  1,5,4,3,2 

2 is selected, 1,2,4,3,5 

3 is selected, 1,2,3,4,5 

4 is selected, 1,2,3,4,5 
 

Proof:  
 We first note that any I, say I=q, following the execution of lines 6 to 9,it is the 

case that a[q] Þ a[r],q<r<=n. 

 Also observe that when ‘i’ becomes greater than q, a[1:q] is unchanged. Hence, 

following the last execution of these lines (i.e. I=n).We have a[1] <= a[2] 

<=……a[n]. 

 We observe this point that the upper limit of the for loop in the line 4 can be 

changed to n-1 without damaging the correctness of the algorithm. 
 

Algorithm: 
 

1. Algorithm selection sort (a,n) 
2. // Sort the array a[1:n] into non-decreasing order. 

3.{ 

4. for I:=1 to n do 

5. { 

6. j:=I; 

7. for k:=i+1 to n do 

8. if (a[k]<a[j]) 

9. t:=a[I]; 

10. a[I]:=a[j]; 

11. a[j]:=t; 



RAGIVGANDHI MEMORIAL COLLEGE OF ENGINEERING AND TECHNOLOGY 
DEPARTMENT OF COMPUTER SCIENCE AND ENGINEERING 

II B.TECH II SEM R19 SUBJECT: DESIGN AND ANALYSIS OF ALGORITHMS COURSE MATERIAL 
 

 

12. } 

13. } 

 

Recursive Algorithms: 

 

 A Recursive function is a function that is defined in terms of itself. 

 Similarly, an algorithm is said to be recursive if the same algorithm is invoked in 

the body. 

 An algorithm that calls itself is Direct Recursive. 

 Algorithm ‘A’ is said to be Indirect Recursive if it calls another algorithm which 

in turns calls ‘A’. 

 The Recursive mechanism, are externally powerful, but even more importantly, 

many times they can express an otherwise complex process very clearly. Or these 
reasons we introduce recursion here. 

 The following 2 examples show how to develop a recursive algorithms. 
 

 In the first, we consider the Towers of Hanoi problem, and in the 

second, we generate all possible permutations of a list of characters. 

 

1. Towers of Hanoi: 

 

 

 

 

. 

. 

. 

 

 

Tower A Tower B Tower C 

 
 

 It is Fashioned after the ancient tower of Brahma ritual. 

 According to legend, at the time the world was created, there was a diamond tower 

(labeled A) with 64 golden disks. 

 The disks were of decreasing size and were stacked on the tower in decreasing order of 

size bottom to top. 

 Besides these tower there were two other diamond towers(labeled B & C) 

 Since the time of creation, Brehman priests have been attempting to move the disks from 

tower A to tower B using tower C, for intermediate storage. 

 As the disks are very heavy, they can be moved only one at a time. 

 In addition, at no time can a disk be on top of a smaller disk. 

 According to legend, the world will come to an end when the priest have 

completed this task. 
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 A very elegant solution results from the use of recursion. 

 Assume that the number of disks is ‘n’. 

  To get the largest disk to the bottom of tower B, we move the remaining ‘n-1’ 

disks to tower C and then move the largest to tower B. 

 Now we are left with the tasks of moving the disks from tower C to B. 

 To do this, we have tower A and B available. 

 The fact, that towers B has a disk on it can be ignored as the disks larger than the 

disks being moved from tower C and so any disk scan be placed on top of it. 

 

Algorithm: 
 

1. Algorithm TowersofHanoi(n,x,y,z) 
2. //Move the top ‘n’ disks from tower x to tower y. 

3. { 

 

. 

. 

. 
 

4.if(n>=1) then 

5. { 

6. TowersofHanoi(n-1,x,z,y); 

7. Write(“move top disk from tower “ X ,”to top of tower “ ,Y); 
8. Towersofhanoi(n-1,z,y,x); 

9. } 

10. } 

 

2. Permutation Generator: 

 

 Given a set of n>=1elements, the problem is to print all possible permutations of this 

set. 

 For example, if the set is {a,b,c} ,then the set of permutation is, 

 

{ (a,b,c),(a,c,b),(b,a,c),(b,c,a),(c,a,b),(c,b,a)} 

 It is easy to see that given ‘n’ elements there are n! different permutations. 

 A simple algorithm can be obtained by looking at the case of 4 statement(a,b,c,d) 

 The Answer can be constructed by writing 
 

1. a followed by all the permutations of (b,c,d) 

2. b followed by all the permutations of(a,c,d) 

3. c followed by all the permutations of (a,b,d) 

4. d followed by all the permutations of (a,b,c) 

 

Algorithm: 

 

Algorithm perm(a,k,n) 
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{ 

if(k=n) then write (a[1:n]); // output permutation 

else //a[k:n] ahs more than one permutation 

// Generate this recursively. 

for I:=k to n do 

{ 
t:=a[k]; 

a[k]:=a[I]; 

a[I]:=t; 

perm(a,k+1,n); 
//all permutation of a[k+1:n] 

t:=a[k]; 

a[k]:=a[I]; 

a[I]:=t; 

} 

} 

 

Performance Analysis: 

 

1. Space Complexity: 
The space complexity of an algorithm is the amount of money it needs to run 

to compilation. 

 

2. Time Complexity: 
The time complexity of an algorithm is the amount of computer time it needs 

to run to compilation. 

 

Space Complexity: 

 

Space Complexity Example: 

Algorithm abc(a,b,c) 

{ 

return a+b++*c+(a+b-c)/(a+b) +4.0; 

} 
 

 The Space needed by each of these algorithms is seen to be the sum of the following 

component. 

 

1.A fixed part that is independent of the characteristics (eg:number,size)of the inputs and 

outputs. 

The part typically includes the instruction space (ie. Space for the code), space for simple 

variable and fixed-size component variables (also called aggregate) space for constants, and so 

on. 

 

2. A variable part that consists of the space needed by component variables whose size is 

dependent on the particular problem instance being solved, the space needed by 
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referenced variables (to the extent that is depends on instance characteristics), and the 

recursion stack space. 

 

 The space requirement s(p) of any algorithm p may therefore be written as, 

S(P) = c+ Sp(Instance characteristics) 

Where ‘c’ is a constant. 

 

Example 2: 

 

Algorithm sum(a,n) 

{ 

s=0.0; 
for I=1 to n do 

s= s+a[I]; 

return s; 

} 
 

 The problem instances for this algorithm are characterized by n,the number of 

elements to be summed. The space needed d by ‘n’ is one word, since it is of 

type integer. 

 The space needed by ‘a’a is the space needed by variables of tyepe array of 

floating point numbers. 

 This is atleast ‘n’ words, since ‘a’ must be large enough to hold the ‘n’ elements 

to be summed. 

 So,we obtain Ssum(n)>=(n+s) 

[ n for a[],one each for n,I a& s] 

 

Time Complexity: 

 

The time T(p) taken by a program P is the sum of the compile time and the 

run time(execution time) 

 

The compile time does not depend on the instance characteristics. Also we may 

assume that a compiled program will be run several times without recompilation .This 

rum time is denoted by tp(instance characteristics). 

 

 The number of steps any problem statemn t is assigned depends on the kind of 

statement. 

 

For example, comments  0 steps. 

Assignment statements  1 steps. 

[Which does not involve any calls to other algorithms] 

 

Interactive statement such as for, while & repeat-until Control part of the statement. 
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1. We introduce a variable, count into the program statement to increment count with initial 

value 0.Statement to increment count by the appropriate amount are introduced into the 

program. 

This is done so that each time a statement in the original program is executes 

count is incremented by the step count of that statement. 

 

Algorithm: 

 

Algorithm sum(a,n) 

{ 

s= 0.0; 

count = count+1; 

for I=1 to n do 

{ 

count =count+1; 

s=s+a[I]; 

count=count+1; 

} 

count=count+1; 

count=count+1; 

return s; 

} 
 

 If the count is  zero to start with, then it will be 2n+3 on termination. So each 

invocation of sum execute a total of 2n+3 steps. 

 

2. The second method to determine the step count of an algorithm is to build a 
table in which we list the total number of steps contributes by each statement. 

 

First determine the number of steps per execution (s/e) of the statement and the 

total number of times (ie., frequency) each statement is executed. 

By combining these two quantities, the total contribution of all statements, the 

step count for the entire algorithm is obtained. 
 

 
Statement S/e Frequency Total 

1. Algorithm Sum(a,n) 

2.{ 

3. S=0.0; 

4. for I=1 to n do 

5. s=s+a[I]; 
6. return s; 

7. } 

0 

0 

1 

1 

1 

1 

0 

- 

- 

1 

n+1 

n 

1 

- 

0 

0 

1 

n+1 

n 

1 

0 



 

 

 

Total   2n+3 

  

Big Oh Notation: 

Big O notation (with a capital letter O, not a zero), also called Landau's symbol, is a 

symbolism used in complexity theory, computer science, and mathematics to describe the 

asymptotic behavior of functions. Basically, it tells you how fast a function grows or declines. 

Landau's symbol comes from the name of the German number theoretician Edmund Landau 

who invented the notation. The letter O is used because the rate of growth of a function is 

also called its order. For example, when analyzing some algorithm, one might find that the 

time (or the number of steps) it takes to complete a problem of size n is given by T(n) = 4 n 

2 - 2 n + 2. If we ignore constants (which makes sense because those depend on the particular 

hardware the program is run on) and slower growing terms, we could say "T(n) grows at the 

order of n 2 " and write:T(n) = O(n 2 ). In mathematics, it is often important to get a handle 

on the error term of an approximation. For instance, people will write e x = 1 + x + x 2 / 2 + 

O(x 3 ) for x -> 0 to express the fact that the error is smaller in absolute value than some 

constant times x 3 if x is close enough to 0. For the formal definition, suppose f(x) and g(x) 

are two functions defined on some subset of the real numbers. We write f(x) = O(g(x)) (or 

f(x) = O(g(x)) for x ->  to be more precise) if and only if there exist constants N and C such 

that |f(x)| C |g(x)| for all x>N. Intuitively, this means that f does not grow faster than g. If a is 

some real number, we write f(x) = O(g(x)) for x -> a if and only if there exist constants d > 0 

and C such that |f(x)| C |g(x)| for all x with |x-a| < d. The first definition is the only one used 

in computer science (where typically only positive functions with a natural number n as 

argument are considered; the absolute values can then be ignored), while both usages appear 

in mathematics. Here is a list of classes of functions that are commonly encountered when 

analyzing algorithms. The slower growing functions are listed first. c is some arbitrary 

constant. notation name O(1) constant O(log(n)) logarithmic O((log(n)) c ) polylogarithmic 

O(n) linear O(n 2 ) quadratic O(n c ) polynomial O(c n ) exponential Note that O(n c ) and 

O(c n ) are very different. The latter grows much, much faster, no matter how big the constant 

c is. A function that grows faster than any power of n is called superpolynomial. One that 

grows slower than an exponential function of the form c n is called subexponential. An 

algorithm can require time that is both superpolynomial and subexponential; examples of this 

include the fastest algorithms known for integer factorization. Note, too, that O(log n) is 

exactly the same as O(log(n c )). The logarithms differ only by a constant factor, and the big 

O notation ignores that. Similarly, logs with different constant bases are equivalent. The 

above list is useful because of the following fact: if a function f(n) is a sum of functions, one 

of which grows faster than the others, then the faster growing one determines the order of 

f(n). Example: If f(n) = 10 log(n) + 5 (log(n)) 3 + 7 n + 3 n 2 + 6 n 3 , then f(n) = O(n 3 ). 

One caveat here: the number of summands has to be constant and may not depend on n. This 

notation can also be used with multiple variables and with other expressions on the right side 

of the equal sign. The notation: f(n,m) = n 2 + m 3 + O(n+m) represents the statement: ∃C ∃ 

N ∀ n,m>N : f(n,m)n 2 +m 3 +C(n+m) Obviously, this notation is abusing the equality 

symbol, since it violates the axiom of equality: "things equal to the same thing are equal to 

each other". To be more formally correct, some people (mostly mathematicians, as opposed 

to computer scientists) prefer to define O(g(x)) as a set-valued function, whose value is all 



 

 

functions that do not grow faster then g(x), and use set membership notation to indicate that 

a specific function is a member of the set thus defined. Both forms are in common use, but 

the sloppier equality notation is more common at present. Another point of sloppiness is that 

the parameter whose asymptotic behaviour is being examined is not clear. A statement such 

as f(x,y) = O(g(x,y)) requires some additional explanation to make clear what is meant. Still, 

this problem is rare in practice.  

 In addition to the big O notations, another Landau symbol is used in mathematics: the little 

o. Informally, f(x) = o(g(x)) means that f grows much slower than g and is insignificant in 

comparison. Formally, we write f(x) = o(g(x)) (for x -> ) if and only if for every C>0 there 

exists a real number N such that for all x > N we have |f(x)| < C |g(x)|; if g(x) 0, this is 

equivalent to 

limx

                                                                                                                                                

f(x)/g(x) = 0. Also, if a is some real number, we write f(x) = o(g(x)) for x -> a if and only if 

for every C>0 there exists a positive real number d such that for all x with |x - a| < d we have 

|f(x)| < C |g(x)|; if g(x) 0, this is equivalent to limx -> a f(x)/g(x) = 0. Big O is the most 

commonly-used of five notations for comparing functions: Notation Definition Analogy f(n) 

= O(g(n)) see above f(n) = o(g(n)) see above < f(n) = (g(n)) g(n)=O(f(n))  f(n) = (g(n)) 

g(n)=o(f(n)) > f(n) = (g(n)) f(n)=O(g(n)) and g(n)=O(f(n)) = The notations  and  are often 

used in computer science; the lowercase o is common in mathematics but rare in computer 

science. The lowercase  is rarely used. A common error is to confuse these by using O when  

is meant. For example, one might say "heapsort is O(n log n)" when the intended meaning 

was "heapsort is (n log n)". Both statements are true, but the latter is a stronger claim. The 

notations described here are very useful. They are used for approximating formulas for 

analysis of algorithms, and for the definitions of terms in complexity theory (e.g. polynomial 

time).  

Big O notation Example algorithm 

O(n) Simple search 

O(n * log n) Quicksort 

O(n2) Selection sort 

O(n!) Traveling salesperson 

 

 

Omega Notation: 

 

Omega Notation (Ω-notation) Omega notation represents the lower bound of the running 

time of an algorithm. Thus, it provides the best case complexity of an 

algorithm. Omega gives the lower bound of a function Ω(g(n)) = { f(n): there exist positive 

constants c and n0 such that 0 ≤ cg(n) ≤ f(n) for all n ≥ n0 } 



 

 

 

Theta Notation: 

 

ThetaNotation(Θ-notation) 
 
Theta notation encloses the function from above and below. Since it represents the upper 

and the lower bound of the running time of an algorithm, it is used for analyzing the average-

case complexity of an algorithm. Theta bounds the function within constants factors. 

A simple way to get Theta notation of an expression is to drop low order terms and ignore 

leading constants. For example, consider the following expression. ... The above definition 

means, if f(n) is theta of g(n), then the value f(n) is always between c1*g(n) and c2*g(n) for 

large values of n (n >= n0) 

 

 

 
Little Oh Notation: 

 

There are some other notations present except the Big-Oh, Big-Omega and Big-Theta 

notations. The little o notation is one of them. 

Little o notation is used to describe an upper bound that cannot be tight. In other words, loose 

upper bound of f(n). 

Let f(n) and g(n) are the functions that map positive real numbers. We can say that the 

function f(n) is o(g(n)) if for any real positive constant c, there exists an integer constant n0 

≤ 1 such that f(n) > 0. 

Mathematical Relation of Little o notation 

Using mathematical relation, we can say that f(n) = o(g(n)) means, 



 

 

 

Example on little o asymptotic notation 

If f(n) = n2 and g(n) = n3 then check whether f(n) = o(g(n)) or not. 

 

The result is 0, and it satisfies the equation mentioned above. So we can say that f(n) = o(g(n)). 

Disjoint sets: 

In mathematics, two sets are said to be disjoint sets if they have no element in common. 

Equivalently, two disjoint sets are sets whose intersection is the empty set. For example, {1, 

2, 3} and {4, 5, 6} are disjoint sets, while {1, 2, 3} and {3, 4, 5} are not disjoint. 

Two sets are said to be disjoint when they have no common element. If a collection has two 

or more sets, the condition of disjointness will be the intersection of the entire collection should 
be empty. 

Yet, a group of sets may have a null intersection without being disjoint. Moreover, while a group 
of fewer than two sets is trivially disjoint, since no pairs are there to compare, the intersection of 
a group of one set is equal to that set, which may be non-empty. For example, the three sets 
{11, 12}, {12, 13}, and {11, 13} have a null intersection but they are not disjoint. There are no 
two disjoint sets available in this group. Also, the empty family of sets is pairwise disjoint. 

Consider an example, {1, 2, 3} and {4, 5, 6} are disjoint sets. 

Two sets A and B are disjoint sets if the intersection of two sets is a null set or an empty set. In 
other words, the intersection of a set is empty. 

i.e. A ∩ B = ϕ 

Note: There is a difference between the intersection of two sets and the difference of two sets. 
In the case of disjoint, only intersection will be considered. 

Also, read: 

https://byjus.com/maths/operation-on-sets-intersection-of-sets-and-difference-of-two-sets/


 

 

 Sets 

 Set Theory 

 Union of sets 

 Types of Sets 

Properties of Intersection: 

 Commutative: A ∩ B = B ∩ A 

 Associative: A ∩ (B ∩ C) = (A ∩ B) ∩ C 

 A ∩ ∅ = ∅ 

 A ∩ B ⊆ A 

 A ∩ A = A 

 A ⊆ B if and only if A ∩ B = A 

Disjoint Set Union 

A disjoint set union is a binary operation on two sets. The elements of any disjoint union can be 

described in terms of ordered pairs as (x, j), where j is the index that represents the origin of the element 

x. With the help of this operation, we can join all the different (distinct) elements of a pair of sets. 

A disjoint union may indicate one of two conditions. Most commonly, it may intend the union of two or 

more sets that are disjoint. Else if they are disjoint, then their disjoint union may be produced by 

adjusting the sets to obtain them disjoint before forming the union of the altered sets. For example, two 

sets may be presented as a disjoint set by exchanging each element by an ordered pair of the element and 

a binary value symbolising whether it refers to the first or second set. For groups of more than two sets, 

one may likewise substitute each element by an ordered pair of the element and the list of the set that 

contains it. 

The disjoint union is denoted as X U* Y = ( X x {0} ) U ( Y x {1} ) = X* U Y* 

Assume that, 

The disjoint union of sets X = ( a, b, c, d ) and Y = ( e, f, g, h ) is as follows: 

X* = { (a, 0), (b, 0), (c, 0), (d, 0) } and Y* = { (e, 1), (f, 1), (g, 1), (h, 1) } 

Then, 

X U* Y = X* U Y* 

Therefore, the disjoint union set is { (a, 0), (b, 0), (c, 0), (d, 0), (e, 1), (f, 1), (g, 1), (h, 1) } 

 

Pairwise Disjoint sets 

We can proceed with the definition of a disjoint set to any group of sets. A collection of sets is pairwise 

disjoint if any two sets in the collection are disjoint. It is also known as mutually disjoint sets. 

Let P be the set of any collection of sets and A and B. 

i.e. A, B ∈ P. Then, P is known as pairwise disjoint if and only if A ≠ B. Therefore, A ∩ B = ϕ 

https://byjus.com/maths/sets/
https://byjus.com/maths/basics-set-theory/
https://byjus.com/maths/union-of-sets/
https://byjus.com/maths/types-of-sets/


 

 

Examples: 

 P = { {1}, {2, 3}, {4, 5, 6} } is a pairwise disjoint set. 

 P = { {1, 2}, {2, 3} } is not pairwise disjoint, since we have 2 as the common element in 
two sets. 

 

Disjoint sets operations: 

The efficiency of an algorithm sometimes depends on using an efficient data structure. A good choice of 

data structure can reduce the execution time of an algorithm and Union-Find is a data structure that falls 

in that category. 

Let’s say, you have a set of N elements which are partitioned into further subsets, and you have to keep 

track of connectivity of each element in a particular subset or connectivity of subsets with each other. To 

do this operation efficiently, you can use Union-Find Data Structure. 

Let’s say there are 5 people A, B, C, D E. A is a friend of B, B is a friend of C and D is a friend of E. As 

we can see: 

1) A, B and C are connected to each other. 

2) D and E are connected to each other. 

So we can use Union Find Data Structure to check whether one friend is connected to another in a direct 

or indirect way or not. We can also determine the two different disconnected subsets. Here 2 different 

subsets are {A, B, C} and {D, E}. 

You have to perform two operations here :  

Union (A, B) - connect two elements A and B. Find (A, B) - find, is there any path connecting two 

elements A and B 

Example: You have a set of elements S = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}. Here you have 10 elements (N = 

10 ).We can use an array Arr to manage the connectivity of elements. Arr[ ] indexed by elements of set, 

having size of N (as N elements in set) and can be used to manage the above operations. 

Assumption: A and B objects are connected only if Arr[ A ] = Arr [ B ]. 

Now how we will implement above operations : 

Find (A, B) - check if Arr[ A ] is equal to Arr[ B ] or not. Union (A, B) - Connect A to B and merge the 

components having A and B by changing all the elements ,whose value is equal to Arr[ A ], to Arr[ B ]. 

Initially there are 10 subsets and each subset has single element in 

it. 



 

 

 When each subset contains only single element, the array Arr 
is: 

 

Let’s perform some Operations: 1) Union(2, 
1) 

 Arr will 
be: 

 2) Union(4, 3) 

3) Union(8, 4) 

4) Union(9, 3) 



 

 

 Arr will 
be: 

 

5) Union(6, 
5) 

 



 

 

Arr will 
be: 

 

After performing some operations of Union(A ,B), you can see that now there are 5 subsets. First has 

elements {3, 4, 8, 9}, second has {1, 2}, third has {5, 6}, fourth has {0} and fifth has {7}. All these subsets 

are said to be Connected Components. 

One can also relate these elements with nodes of a graph. The elements in one subset can be considered as 

the nodes of the graph which are connected to each other directly or indirectly, therefore each subset can 

be considered as connected component. 

From this, we can infer that Union-Find data structure is useful in Graphs for performing various operations 

like connecting nodes, finding connected components etc. 

Let’s perform some Find(A, B) operations. 1) Find (0, 7) - as 0 and 7 are disconnected ,this will gives false 

result. 

2) Find (8, 9) -though 8 and 9 are not connected directly ,but there exist a path connecting 8 and 9, so it 

will give us true result. 

When we see above operations in terms of components, then : 

Union(A, B) - Replace components containing two objects A and B with their union. 

Find(A, B) - check if two objects A and B are in same component or not. 

 

 

 

 

 

 

 

 

 



 

 

UNIT-II 

Divide and conquer: General method, applications-Binary search, Finding Maximum and 

minimum, Quick sort, Merge sort, Strassen’s matrix multiplication. 

 
 

DIVIDE AND CONQUER: 

 

General method: 

 

 Given a function to compute on ‘n’ inputs the divide-and-conquer strategy suggests 
splitting the inputs into ‘k’ distinct subsets, 1<k<=n, yielding ‘k’ sub problems. 

 

 These sub problems must be solved, and then a method must be found to combine 

sub solutions into a solution of the whole. 

 

 If the sub problems are still relatively large, then the divide-and-conquer strategy 
can possibly be reapplied. 

 

 Often the sub problems resulting from a divide-and-conquer design are of the same 
type as the original problem. 

 

 For those cases the re application of the divide-and-conquer principle is naturally 

expressed by a recursive algorithm. 

 

 D And C(Algorithm) is initially invoked as D and C(P), where ‘p’ is the problem 

to be solved. 

 

 Small(P) is a Boolean-valued function that determines whether the i/p size is small 

enough that the answer can be computed without splitting. 

 

 If this so, the function ‘S’ is invoked. 
 

 Otherwise, the problem P is divided into smaller sub problems. 

 

 These sub problems P1, P2 …Pk are solved by recursive application of D And C. 

 

 Combine is a function that determines the solution to p using the solutions to the 
‘k’ sub problems. 

 

 If the size of ‘p’ is n and the sizes of the ‘k’ sub problems are n1, n2 ….nk,  

respectively, then the computing time of D And C is described by the recurrence 

relation. 

 

T(n)= { g(n) n small 

T(n1)+T(n2)+……………+T(nk)+f(n); otherwise. 



 

 

Where T(n)  is the time for D And C  on any I/p of size ‘n’. 
g(n)  is the time of compute the answer directly for small I/ps. 

f(n)  is the time for dividing P & combining the solution to 

sub problems. 

 

1. Algorithm D And C(P) 

2. { 

3. if small(P) then return S(P); 

4. else 

5. { 

6. divide P into smaller instances 

P1, P2… Pk, k>=1; 

7. Apply D And C to each of these sub problems; 
8. return combine (D And C(P1), D And C(P2),…….,D And C(Pk)); 

9. } 

10. } 

 

 The complexity of many divide-and-conquer algorithms is given by recurrences 

of the form 

T(n) = { T(1) n=1 

AT(n/b)+f(n) n>1 

 Where a & b are known constants. 

 We assume that T(1) is known & ‘n’ is a power of b(i.e., n=b^k) 

 One of the methods for solving any such recurrence relation is called the 
substitution method. 

 This method repeatedly makes substitution for each occurrence of the function. T 

is the Right-hand side until all such occurrences disappear. 

 

Example: 
1) Consider the case in which a=2 and b=2. Let T(1)=2 & f(n)=n. 

We have, 

T(n) = 2T(n/2)+n 

= 2[2T(n/2/2)+n/2]+n 

= [4T(n/4)+n]+n 

= 4T(n/4)+2n 

= 4[2T(n/4/2)+n/4]+2n 

= 4[2T(n/8)+n/4]+2n 

= 8T(n/8)+n+2n 

= 8T(n/8)+3n 

* 

* 

* 
 

 In general, we see that T(n)=2^iT(n/2^i )+in., for any log n >=I>=1. 



 

 

 T(n) =2^log n T(n/2^log n) + n log n 

 

Corresponding to the choice of i=log n 

 

 Thus, T(n) = 2^log n T(n/2^log n) + n log n 

 

= n. T(n/n) + n log n 

= n. T(1) + n log n [since, log 1=0, 2^0=1] 

= 2n + n log n 

 

BINARY SEARCH 
 

1. Algorithm Bin search(a,n,x) 

2. // Given an array a[1:n] of elements in non-decreasing 

3. //order, n>=0,determine whether ‘x’ is present and 

4. // if so, return ‘j’ such that x=a[j]; else return 0. 

5. { 

6. low:=1; high:=n; 
7. while (low<=high) do 

8. { 

9. mid:=[(low+high)/2]; 

10. if (x<a[mid]) then high; 

11. else if(x>a[mid]) then 

low=mid+1; 

12. else return mid; 

13. } 

14. return 0; 
15. } 

 

 Algorithm, describes this binary search method, where Binsrch has 4I/ps a[], I , l 

& x. 

 It is initially invoked as Binsrch (a,1,n,x) 

 A non-recursive version of Binsrch is given below. 

 This Binsearch has 3 i/ps a,n, & x. 

 The while loop continues processing as long as there are more elements left to 

check. 

 At the conclusion of the procedure 0 is returned if x is not present, or ‘j’ is returned, 

such that a[j]=x. 

 We observe that low & high are integer Variables such that each time through the 

loop either x is found or low is increased by at least one or high is decreased at least 

one. 



 

 

 Thus we have 2 sequences of integers approaching each other and eventually low 

becomes > than high & causes termination in a finite no. of steps if ‘x’ is not present. 
 

Example:  
1) Let us select the 14 entries. 

-15,-6,0,7,9,23,54,82,101,112,125,131,142,151. 

 Place them in a[1:14], and simulate the steps Binsearch goes through as it searches for 

different values of ‘x’. 

 Only the variables, low, high & mid need to be traced as we simulate the algorithm. 
 We try the following values for x: 151, -14 and 9. 

for 2 successful searches & 

1 unsuccessful search. 

 

 Table. Shows the traces of Bin search on these 3 steps. 

 
X=151 low high mid 

 1 14 7 
 8 14 11 
 12 14 13 

 14 14 14 

Found 

x=-14 low high mid 
 1 14 7 
 1 6 3 
 1 2 1 
 2 2 2 

 2 1 Not found 

x=9 low high mid 
 1 14 7 
 1 6 3 

 4 6 5 
Found 

 

Theorem: Algorithm Binsearch(a,n,x) works correctly. 

 

Proof: 

We assume that all statements work as expected and that comparisons such as x>a[mid] 

are appropriately carried out. 

 

 Initially low =1, high= n,n>=0, and a[1]<=a[2]<=… ..... <=a[n]. 

 If n=0, the while loop is not entered and is returned. 



 

 

 Otherwise we observe that each time thro’ the loop the possible elements to be 

checked of or equality with x and a[low], a[low+1], ......... ,a[mid],……a[high]. 

 If x=a[mid], then the algorithm terminates successfully. 

 Otherwise, the range is narrowed by either increasing low to (mid+1) or 

decreasing high to (mid-1). 

 Clearly, this narrowing of the range does not affect the outcome of the search. 

 If low becomes > than high, then ‘x’ is not present & hence the loop is exited. 

 

Finding Maximum and Minimum: 
 

 Let us consider another simple problem that can be solved by the divide-and- 

conquer technique. 

 

 The problem is to find the maximum and minimum items in a set of ‘n’ elements. 
 

 

 In analyzing the time complexity of this algorithm, we once again concentrate on 

the no. of element comparisons. 
 

 

 More importantly, when the elements in a[1:n] are polynomials, vectors, very large 
numbers, or strings of character, the cost of an element comparison is much higher 

than the cost of the other operations. 
 

 

 Hence, the time is determined mainly by the total cost of the element comparison. 
 

 

1. Algorithm straight MaxMin(a,n,max,min) 
2. // set max to the maximum & min to the minimum of a[1:n] 

3. { 

4. max:=min:=a[1]; 

5. for I:=2 to n do 

6. { 

7. if(a[I]>max) then max:=a[I]; 

8. if(a[I]<min) then min:=a[I]; 9.

 } 

32. } 
 

Algorithm: Straight forward Maximum & Minimum 

 

 Straight MaxMin requires 2(n-1) element comparison in the best, average & worst 
cases. 

 



 

 

 An immediate improvement is possible by realizing that the comparison a[I]<min 

is necessary only when a[I]>max is false. 

 



 

 

 Hence we can replace the contents of the for loop by, 

If(a[I]>max) then max:=a[I]; 
 

Else if (a[I]<min) then min:=a[I]; 

 

 Now the best case occurs when the elements are in increasing order. 

 The no. of element comparison is (n-1). 
 

 The worst case occurs when the elements are in decreasing order. 

 The no. of elements comparison is 2(n-1) 
 

 The average no. of element comparison is < than 2(n-1) 

 

 On the average a[I] is > than max half the time, and so, the avg. no. of 
comparison is 3n/2-1. 

 

 

 A divide- and conquer algorithm for this problem would proceed as follows: 
 

 

 Let P=(n, a[I] ,……,a[j]) denote an arbitrary instance of the problem. 

 Here ‘n’ is the no. of elements in the list (a[I],….,a[j]) and we are interested in finding 

the maximum and minimum of the list. 

 

 If the list has more than 2 elements, P has to be divided into smaller instances. 

 

 For example , we might divide ‘P’ into the 2 instances, 
P1=([n/2],a[1],……..a[n/2]) & P2= (n-[n/2],a[[n/2]+1],…..,a[n]) 

 

 

 After having divided ‘P’ into 2 smaller sub problems, we can solve them by 
recursively invoking the same divide-and-conquer algorithm. 

 

 

Algorithm: Recursively Finding the Maximum & Minimum 

 

1. Algorithm MaxMin (I,j,max,min) 

2. //a[1:n] is a global array, parameters I & j 

3. //are integers, 1<=I<=j<=n.The effect is to 

4. //set max & min to the largest & smallest value 
5. //in a[I:j], respectively. 

6. { 

7. if(I=j) then max:= min:= a[I]; 
8. else if (I=j-1) then // Another case of small(p) 

9. { 

10. if (a[I]<a[j]) then 



 

 

11. { 

12. max:=a[j]; 

13. min:=a[I]; 

33. } 



 

 

15. else 

16. { 

17. max:=a[I]; 

18. min:=a[j]; 

19. } 

20. } 

21. else 

22. { 

23. // if P is not small, divide P into subproblems. 

24. // find where to split the set mid:=[(I+j)/2]; 

25. //solve the subproblems 

26. MaxMin(I,mid,max.min); 

27. MaxMin(mid+1,j,max1,min1); 

28. //combine the solution 

29. if (max<max1) then max=max1; 

30. if(min>min1) then min = min1; 

31. } 

32. } 

 

 The procedure is initially invoked by the statement, 
MaxMin(1,n,x,y) 

 Suppose we simulate MaxMin on the following 9 elements 

 

A: [1] [2] [3] [4] [5] [6] [7] [8] [9] 

22 13   -5 -8 15   60 17   31   47 

 A good way of keeping track of recursive calls is to build a tree by adding a node 

each time a new call is made. 

 For this Algorithm, each node has 4 items of information: I, j, max & imin. 

 Examining fig: we see that the root node contains 1 & 9 as the values of I &j 
corresponding to the initial call to MaxMin. 

 This execution produces 2 new calls to MaxMin, where I & j have the values 1, 5 

& 6, 9 respectively & thus split the set into 2 subsets of approximately the same 

size. 

 From the tree, we can immediately see the maximum depth of recursion is 4. 
(including the 1st call) 

 The include no.s in the upper left corner of each node represent the order in which 

max & min are assigned values. 

 

No. of element Comparison: 

 If T(n) represents this no., then the resulting recurrence relations is 

 

T(n)={ T([n/2]+T[n/2]+2 n>2 

1 n=2 

34. n=1 



 

 

 When ‘n’ is a power of 2, n=2^k for some +ve integer ‘k’, then 

T(n) = 2T(n/2) +2 

= 2(2T(n/4)+2)+2 

= 4T(n/4)+4+2 

* 

* 

= 2^k-1T(2)+ 

= 2^k-1+2^k-2 

= 2^k/2+2^k-2 

= n/2+n-2 
= (n+2n)/2)-2 

T(n)=(3n/2)-2 

 

*Note that (3n/3)-3 is the best-average, and worst-case no. of comparisons when ‘n’ 

is a power of 2. 
 

MERGE SORT 

 As another example divide-and-conquer, we investigate a sorting algorithm that 

has the nice property that is the worst case its complexity is O(n log n) 

 This algorithm is called merge sort 

 We assume throughout that the elements are to be sorted in non-decreasing order. 

 Given a sequence of ‘n’ elements a[1],…,a[n] the general idea is to imagine then 

split into 2 sets a[1],…..,a[n/2] and a[[n/2]+1],….a[n]. 

 Each set is individually sorted, and the resulting sorted sequences are merged to 

produce a single sorted sequence of ‘n’ elements. 

 Thus, we have another ideal example of the divide-and-conquer strategy in which 

the splitting is into 2 equal-sized sets & the combining operation is the merging of 

2 sorted sets into one. 

 

Algorithm For Merge Sort: 

 

1. Algorithm MergeSort(low,high) 

2. //a[low:high] is a global array to be sorted 

3. //Small(P) is true if there is only one element 

4. //to sort. In this case the list is already sorted. 

5. { 

35. if (low<high) then //if there are more 

than one element 7. { 

8. //Divide P into subproblems 
9. //find where to split the set 

10. mid = [(low+high)/2]; 

11. //solve the subproblems. 

12. mergesort (low,mid); 
13. mergesort(mid+1,high); 



 

 

14. //combine the solutions . 
 

15. merge(low,mid,high); 

16. } 

17. } 
 

Algorithm: Merging 2 sorted subarrays using auxiliary storage. 

 

1. Algorithm merge(low,mid,high) 

2. //a[low:high] is a global array containing 

3. //two sorted subsets in a[low:mid] 

4. //and in a[mid+1:high].The goal is to merge these 2 sets into 

5. //a single set residing in a[low:high].b[] is an auxiliary global array. 

6. { 

7. h=low; I=low; j=mid+1; 

8. while ((h<=mid) and (j<=high)) do 
9. { 

10. if (a[h]<=a[j]) then 

11. { 

12. b[I]=a[h]; 

13. h = h+1; 

14. } 

15. else 

16. { 

17. b[I]= a[j]; 

18. j=j+1; 

19. } 

20. I=I+1; 

21. } 

22. if (h>mid) then 

23. for k=j to high do 

24. { 

25. b[I]=a[k]; 

26. I=I+1; 

27. } 

28. else 

29. for k=h to mid do 

30. { 

31. b[I]=a[k]; 

32. I=I+1; 

33. } 

34. for k=low to high do a[k] = b[k]; 

35. } 
 

 Consider the array of 10 elements a[1:10] =(310, 285, 179, 652, 351, 423, 861, 



 

 

254, 450, 520) 



 

 

 

 Algorithm Mergesort begins by splitting a[] into 2 sub arrays each of size five 

(a[1:5] and a[6:10]). 

 The elements in a[1:5] are then split into 2 sub arrays of size 3 (a[1:3] ) and 
2(a[4:5]) 

 Then the items in a a[1:3] are split into sub arrays of size 2 a[1:2] & one(a[3:3]) 

 The 2 values in a[1:2} are split to find time into one-element sub arrays, and now 

the merging begins. 

 

(310| 285| 179| 652, 351| 423, 861, 254, 450, 520) 

 

 Where vertical bars indicate the boundaries of sub arrays. 

 

Elements a[I] and a[2] are merged to yield, 

(285, 310|179|652, 351| 423, 861, 254, 450, 520) 

 

 Then a[3] is merged with a[1:2] and 

(179, 285, 310| 652, 351| 423, 861, 254, 450, 520) 

 

 Next, elements a[4] & a[5] are merged. 

(179, 285, 310| 351, 652 | 423, 861, 254, 450, 520) 
 

 And then a[1:3] & a[4:5] 

(179, 285, 310, 351, 652| 423, 861, 254, 450, 520) 

 
 Repeated recursive calls are invoked producing the following sub arrays. 

(179, 285, 310, 351, 652| 423| 861| 254| 450, 520) 

 

 Elements a[6] &a[7] are merged. 

 

Then a[8] is merged with a[6:7] 

(179, 285, 310, 351, 652| 254,423, 861| 450, 520) 

 

 Next a[9] &a[10] are merged, and then a[6:8] & a[9:10] 
(179, 285, 310, 351, 652| 254, 423, 450, 520, 861 ) 

 

 At this point there are 2 sorted sub arrays & the final merge produces the fully 

sorted result. 

(179, 254, 285, 310, 351, 423, 450, 520, 652, 861) 

 

 If the time for the merging operations is proportional to ‘n’, then the computing 
time for merge sort is described by the recurrence relation. 



 

 

 

T(n) = { a  n=1,’a’ a constant 

2T(n/2)+cn n>1,’c’ a constant. 

 

 When ‘n’ is a power of 2, n= 2^k, we can solve this equation by successive 

substitution. 

 

T(n) =2(2T(n/4) +cn/2) +cn 

= 4T(n/4)+2cn 

= 4(2T(n/8)+cn/4)+2cn 

* 

* 

= 2^k T(1)+kCn. 

= an + cn log n. 
 

 It is easy to see that if s^k<n<=2^k+1, then T(n)<=T(2^k+1). Therefore, 

T(n)=O(n log n) 

 

QUICK SORT 

 The divide-and-conquer approach can be used to arrive at an efficient sorting 

method different from merge sort. 

 

 In merge sort, the file a[1:n] was divided at its midpoint into sub arrays which were 
independently sorted & later merged. 

 

 

 In Quick sort, the division into 2 sub arrays is made so that the sorted sub arrays do 
not need to be merged later. 

 

 

 This is accomplished by rearranging the elements in a[1:n] such that a[I]<=a[j] for 

all I between 1 & n and all j between (m+1) & n for some m, 1<=m<=n. 
 

 

 Thus the elements in a[1:m] & a[m+1:n] can be independently sorted. 
 

 

 No merge is needed. This rearranging is referred to as partitioning. 
 

 

 Function partition of Algorithm accomplishes an in-place partitioning of the 
elements of a[m:p-1] 

 

 



 

 

 It is assumed that a[p]>=a[m] and that a[m] is the partitioning element. If m=1 & 

p-1=n, then a[n+1] must be defined and must be greater than or equal to all elements 

in a[1:n] 

 

 The assumption that a[m] is the partition element is merely for convenience, other 

choices for the partitioning element than the first item in the set are better in 

practice. 
 

 

 The function interchange (a,I,j) exchanges a[I] with a[j]. 
 

 

Algorithm : Partition the array a[m:p-1] about a[m] 

 

1. Algorithm Partition(a,m,p) 

2. //within a[m],a[m+1],…..,a[p-1] the elements 

3. // are rearranged in such a manner that if 

4. //initially t=a[m],then after completion 

5. //a[q]=t for some q between m and 

6. //p-1,a[k]<=t for m<=k<q, and 

7. //a[k]>=t for  q<k<p. q is returned 
8. //Set a[p]=infinite. 

9. { 

10. v=a[m];I=m;j=p; 

11. repeat 

12. { 

13. repeat 

14. I=I+1; 

15. until(a[I]>=v); 
16. repeat 

17. J=j-1; 

18. until(a[j]<=v); 

19. if (I<j) then interchange(a,i.j); 

20. }until(I>=j); 

21. a[m]=a[j]; a[j]=v; 

22. retun j; 

23. } 
 

1. Algorithm Interchange(a,I,j) 

2. //Exchange a[I] with a[j] 

3. { 

4. p=a[I]; 

5. a[I]=a[j]; 

6. a[j]=p; 

7. } 



 

 

 

Algorithm : Sorting by Partitioning 

 

1. Algorithm Quicksort(p,q) 

2. //Sort the elements a[p],….a[q] which resides 
3. //is the global array a[1:n] into ascending 



 

 

4. //order; a[n+1] is considered to be defined 
 

5. // and must be >= all the elements in a[1:n] 

6. { 

36. if(p<q) then // If there are more 

than one element 8. { 

9. // divide p into 2 subproblems 

10. j=partition(a,p,q+1); 

11. //’j’ is the position of the partitioning element. 

12. //solve the subproblems. 

13. quicksort(p,j-1); 

14. quicksort(j+1,q); 

15. //There is no need for combining solution. 

16. } 

17. } 
 

Record Program: Quick Sort 

#include <stdio.h> 

#include <conio.h> 

int a[20]; 

main() 
{ 

int n,I; 

clrscr(); 

printf(“QUICK SORT”); 
printf(“\n Enter the no. of elements “); 

scanf(“%d”,&n); 

printf(“\nEnter the array elements”); 
for(I=0;I<n;I++) 

scanf(“%d”,&a[I]); 

quicksort(0,n-1); 

printf(“\nThe array elements are”); 
for(I=0;I<n;I++) 

printf(“\n%d”,a[I]); 
getch(); 

} 

quicksort(int p, int q) 

{ 

int j; 

if(p,q) 

{ 

j=partition(p,q+1); 

quicksort(p,j-1); 

quicksort(j+1,q); 

} 

} 



 

 

 

Partition(int m, int p) 

{ 

int v,I,j; 

v=a[m]; 

i=m; 

j=p; 

do 

{ 

do 
i=i+1; 

while(a[i]<v); 

if (i<j) 

interchange(I,j); 

} while (I<j); 

a[m]=a[j]; 

a[j]=v; 

return j; 

} 

 

Interchange(int I, int j) 

{ 
int p; 

p= a[I]; 

a[I]=a[j]; 
a[j]=p; 

} 
 

Output: 
Enter the no. of elements 5 

Enter the array elements 

3 

8 

1 

5 

2 
The sorted elements are, 

1 

2 

3 

5 

8 



 

 

STRASSON’S MATRIX MULTIPLICAION 
 

 Let A and B be the 2 n*n Matrix. The product matrix C=AB is calculated by using 
the formula, 

 

C (i ,j )= A(i,k) B(k,j) for all ‘i’ and and j between 1 and n. 

 

 The time complexity for the matrix Multiplication is O(n^3). 

 

 Divide and conquer method suggest another way to compute the product of n*n 

matrix. 
 

 

 We assume that N is a power of 2 .In the case N is not a power of 2 ,then enough 

rows and columns of zero can be added to both A and B .SO that the resulting 

dimension are the powers of two. 
 

 

 If n=2 then the following formula as a computed using a matrix multiplication 
operation for the elements of A & B. 

 

 

 If n>2,Then the elements are partitioned into sub matrix n/2*n/2..since ‘n’ is a 

power of 2 these product can be recursively computed using the same formula 
 

.This Algorithm will continue applying itself to smaller sub matrix until ‘N” 

become suitable small(n=2) so that the product is computed directly . 

 The formula are 
 

 
A11 A12 B11 B12 C11 C12 
  *  =  

A21 A21 B21 B22 C21 C22 
 

 

 

C11 = A11 B11 + A12 B21 

C12 = A11 B12 + A12 B22 

C21 = A21 B11 + A22 B21 

C22 = A21 B12 + A22 B22 
 

 
For EX:  

 2 2 2 2  1 1 1 1 

4 * 4 = 2 2 2 2  1 1 1 1 



 

 

 2 2 2 2 * 1 1 1 1 
 2 2 2 2  1 1 1 1 

 

  

The Divide and conquer method 
 

 

 
 

2 2  2 2  1 1  1 1  4 4  4 4 

2 2  2 2 * 1 1  1 1 = 4 4  4 4 

2 2  2 2  1 1  1 1  4 4  4 4 

2 2  2 2  1 1  1 1  4 4  4 4 
 
 

 To compute AB using the equation we need to perform 8 multiplication of 

n/2*n/2 matrix and from 4 addition of n/2*n/2 matrix. 

 Ci,j are computed using the formula in equation 4 

 As can be sum P, Q, R, S, T, U, and V can be computed using 7 Matrix 

multiplication and 10 addition or subtraction. 

 The Cij are required addition 8 addition or subtraction. 

 

T(n)=  b  n<=2 a &b are 

7T(n/2)+an^2 n>2 constant 

 

Finally we get T(n) =O( n ^log27) 

Example 

4 4 4 4 

* 

4   4 4 4 
 

P=(4*4)+(4+4)=64 

Q=(4+4)4=32 

R=4(4-4)=0 

S=4(4-4)=0 

T=(4+4)4=32 

U=(4-4)(4+4)=0 

V=(4-4)(4+4)=0 

C11=(64+0-32+0)=32 

C12=0+32=32 

C21=32+0=32 

C22=64+0-32+0=32 



 

 

 



 

 

So the answer c(i,j) is 



 

 

32 32 

 

32 32 

 

 

since n/2n/2 &matrix can be can be added in Cn for some constant C, The overall 

computing time T(n) of the resulting divide and conquer algorithm is given by the 

sequence. 
 

T(n)= b n<=2 a &b are 

8T(n/2)+cn^2 n>2 constant 

 

 



 

 

That is T(n)=O(n^3) 

 

* Matrix multiplication are more expensive then the matrix addition O(n^3).We can attempt to 

reformulate the equation for Cij so as to have fewer multiplication and possibly more addition 

. 

 

 Stressen has discovered a way to compute the Cij of equation (2) using only 7 
multiplication and 18 addition or subtraction. 

 Strassen’s formula are 

 

P= (A11+A12)(B11+B22) Q= 

(A12+A22)B11 

R= A11(B12-B22) S= 

A22(B21-B11) T= 

(A11+A12)B22 
U= (A21-A11)(B11+B12) V= 

(A12-A22)(B21+B22) 

 

C11=P+S-T+V 

C!2=R+t C21=Q+T 

C22=P+R-Q+V 

 

 

 



 

 

 

 

UNIT-III 
 Greedy method: General method, applications-Job sequencing with deadlines, knapsack problem, 

Minimum cost spanning trees, Single source shortest path problem. 

 

GREEDY METHOD 

 
 Greedy method is the most straightforward designed technique. 

 As the name suggest they are short sighted in their approach taking decision on the basis 
of the information immediately at the hand without worrying about the effect these decision 
may have in the future. 

 

DEFINITION: 

 

 A problem with N inputs will have some constraints .any subsets that satisfy these 

constraints are called a feasible solution. 

 A feasible solution that either maximize can minimize a given objectives function is called 
an optimal solution. 

 

Control algorithm for Greedy Method: 

1.Algorithm Greedy (a,n) 

2.//a[1:n] contain the ‘n’ 

inputs 3. { 

4.solution =0;//Initialise the 

solution. 5.For i=1 to n do 

6.{ 
 

7.x=select(a); 

8.if(feasible(solution,x))th

en 

9.solution=union(solution,



 

 

x); 10.} 

11.return 

solution; 
 

12.} 



 

 

 

 

* The function select an input from a[] and removes it. The select input value is assigned to X. 

 

 
 Feasible is a Boolean value function that determines whether X can be included into the 

solution vector. 

 The function Union combines X with The solution and updates the objective function. 

 The function Greedy describes the essential way that a greedy algorithm will once a 
particular problem is chosen ands the function subset, feasible & union are properly 
implemented. 

 

Example 
 

 Suppose we have in a country the following coins are available : 

 
Dollars(100 

cents) 

Quarters(25 

cents) Dimes( 10 

cents) Nickel(5 

Cents) Pennies(1 

cent) 

 

 Our aim is paying a given amount to a customer using the smallest possible number of 

coins. 

 For example if we must pay 276 cents possible solution then, 

 
 1 doll+7 q+ 1 pen9 coins 

 

 2 doll +3Q +1 pen6 coins 
 

 2 doll+7dim+1 nic +1 pen11 coins. 

 

 



 

 

Applications-Job Sequencing with Deadlines: 

In job sequencing problem, the objective is to find a sequence of jobs, which is completed 
within their deadlines and gives maximum profit. 

Solution 

Let us consider, a set of n given jobs which are associated with deadlines and profit is 
earned, if a job is completed by its deadline. These jobs need to be ordered in such a 
way that there is maximum profit. 

It may happen that all of the given jobs may not be completed within their deadlines. 

Assume, deadline of ith job Ji is di and the profit received from this job is pi. Hence, the 
optimal solution of this algorithm is a feasible solution with maximum profit. 

Thus, D(i)>0D(i)>0 for 1⩽i⩽n1⩽i⩽n. 

Initially, these jobs are ordered according to profit, 

i.e. p1⩾p2⩾p3⩾...⩾pnp1⩾p2⩾p3⩾...⩾pn. 
Algorithm: Job-Sequencing-With-Deadline (D, J, n, k)  

D(0) := J(0) := 0  

k := 1  

J(1) := 1   // means first job is selected  

for i = 2 … n do  

   r := k  

   while D(J(r)) > D(i) and D(J(r)) ≠ r do  

      r := r – 1  

   if D(J(r)) ≤ D(i) and D(i) > r then  

      for l = k … r + 1 by -1 do  

         J(l + 1) := J(l)  

         J(r + 1) := i  

         k := k + 1  

Analysis 
In this algorithm, we are using two loops, one is within another. Hence, the complexity of 

this algorithm is O(n2)O(n2). 

Example 

Let us consider a set of given jobs as shown in the following table. We have to find a 
sequence of jobs, which will be completed within their deadlines and will give maximum 
profit. Each job is associated with a deadline and profit. 

Job J1 J2 J3 J4 J5 

Deadline 2 1 3 2 1 



 

 

Profit 60 100 20 40 20 

Solution 

To solve this problem, the given jobs are sorted according to their profit in a descending 
order. Hence, after sorting, the jobs are ordered as shown in the following table. 

Job J2 J1 J4 J3 J5 

Deadline 1 2 2 3 1 

Profit 100 60 40 20 20 

From this set of jobs, first we select J2, as it can be completed within its deadline and 
contributes maximum profit. 

 Next, J1 is selected as it gives more profit compared to J4. 

 In the next clock, J4 cannot be selected as its deadline is over, hence J3 is selected 
as it executes within its deadline. 

 The job J5 is discarded as it cannot be executed within its deadline. 

Thus, the solution is the sequence of jobs (J2, J1, J3), which are being executed within 
their deadline and gives maximum profit. 

Total profit of this sequence is 100 + 60 + 20 = 180. 



 

 

KNAPSACK PROBLEM 

 we are given n objects and knapsack or bag with capacity M object I has a weight Wi 
where I varies from 1 to N. 

 

 The problem is we have to fill the bag with the help of N objects and the resulting profit 
has to be maximum. 

 Formally the problem can be stated as 

Maximize xipi subject to XiWi<=M 
 

Where Xi is the fraction of object and it lies between 0 to 1. 

 

 
 There are so many ways to solve this problem, which will give many feasible solution for 

which we have to find the optimal solution. 

 

 But in this algorithm, it will generate only one solution which is going to be feasible as 
well as optimal. 

 

 First, we find the profit & weight rates of each and every object and sort it according to the 

descending order of the ratios. 

 

 Select an object with highest p/w ratio and check whether its height is lesser than the 
capacity of the bag. 

 

 If so place 1 unit of the first object and decrement .the capacity of the bag by the weight 
of the object you have placed. 

 

 Repeat the above steps until the capacity of the bag becomes less than the weight of the 

object you have selected .in this case place a fraction of the object and come out of the 
loop. 

 

 Whenever you selected. 



 

 

ALGORITHM: 

 
 

1.Algorityhm Greedy knapsack (m,n) 

2//P[1:n] and the w[1:n]contain the 

profit 3.// & weight res’.of the n object 

ordered. 4.//such that p[i]/w[i] 

>=p[i+1]/W[i+1] 

5.//n is the Knapsack size and x[1:n] is the solution 

vertex. 6.{ 

7.for I=1 to n do 

a[I]=0.0; 8.U=n; 

9.For I=1 to n 

do 10.{ 

11.if (w[i]>u)then 

break; 

13.x[i]=1.0;U=U-w[i] 

14.} 
 

15.if(i<=n)then 

x[i]=U/w[i]; 16.} 

 

Example: 

 
Capacity=20 

N=3



 

 

 ,M=2

0 

Wi=18,15,10 

Pi=25,24,15 



 

 

Pi/Wi=25/18=1.36,24/15=1.6,15/10=1.5 
 

 

 

Descending Order  Pi/Wi1.6 1.5 1.36 

Pi = 24 15 25 

Wi = 15 10 18 

Xi = 1 5/10 0 
 

PiXi=1*24+0.5*1531.5 

 

 
The optimal solution is 31.5 

 

 
X1 X2 X3 WiXi PiXi 

 

½ 1/3 ¼ 16.6 24.25 
 

1 2/5 0 20 18.2 

0 2/3 1 20 31 

0 1 ½ 20 31.5 

 

 
Of these feasible solution Solution 4 yield the Max profit .As we shall soon see this solution 

is optimal for the given problem instance. 

 

 

JOB SCHEDULING WITH DEAD LINES 

 
The problem is the number of jobs, their profit and deadlines will be given and we have to 

find a sequence of job, which will be completed within its deadlines, and it should yield a 

maximum profit. 

Points To remember: 

 To complete a job, one has to process the job or a action for one unit of time. 



 

 

 Only one machine is available for processing jobs. 

 A feasible solution for this problem is a subset of j of jobs such that each job in this 

subject can be completed by this deadline. 

 If we select a job at that time , 

 
Since one job can be processed in a single m/c. The other job has to be in its waiting 

state until the job is completed and the machine becomes free. 

 

 
So the waiting time and the processing time should be less than or equal to the dead 

line of the job. 

 

 

ALGORITHM: 

Algorithm JS(d,j,n) 
 

//The job are ordered such that p[1]>p[2]…>p[n] 
 

//j[i] is the ith job in the optimal solution 
 

// Also at terminal d [ J[ i]<=d[ J {i+1],1<i<k 
 

{ 
 

d[0]= 

J[0]=0; 

J[1]=1; 

K=1; 
 

For I =1 to n do 
 

{ // consider jobs in non increasing order of P[I];find the position for I and check 

feasibility insertion 

r=k; 
 

while((d[J[r]]>d[i] )and 
 

(d[J[r]] = r)do r =r-1; 
 

if (d[J[r]]<d[I])and (d[I]>r))then 
 



 

 

{ 



 

 

for q=k to (r+1) step –1 do J 

[q+1]=j[q] J[r+1]=i; 

K=k+1; 
 

} 
 

} 
 

return k; 
 

} 

 

 

Example : 

 
1. n=5 (P1,P2,…P5)=(20,15,10,5,1) 

(d1,d2….d3)=(2,2,1,3,3) 

 

 
Feasible solution Processing Sequence Value 

 

 
(1) (1) 20 

(2) (2) 15 

(3) (3) 10 

(4) (4) 5 

(5) (5) 1 

(1,2) (2,1) 35 

(1,3) (3,1) 30 

(1,4) (1,4) 25 

(1,5) (1,5) 21 

(2,3) (3,2) 25 

(2,4) (2,4) 20 



 

 

(2,5) (2,5) 16 
 

(1,2,3) (3,2,1) 45 
 

(1,2,4) (1,2,4) 40 

 

 
The Solution 13 is optimal 

 

 
2. n=4 (P1,P2,…P4)=(100,10,15,27) 

(d1,d2….d4)=(2,1,2

,1) 

 

 
Feasible solution Processing Sequence Value 

 
 

 
(1,2) (2,1) 110 
(1,3) (1,3) 115 

(1,4) (4,1) 127 

(2,3) (9,3) 25 

(2,4) (4,2) 37 

(3,4) (4,3) 42 

(1) (1) 100 

(2) (2) 10 

(3) (3) 15 

(4) (4) 27 
 
 
 
 

 

The solution 3 is optimal. 



 

 

MINIMUM SPANNING TREE 

 Let G(V,E) be an undirected connected graph with vertices ‘v’ and edge ‘E’. 

 A sub-graph t=(V,E’) of the G is a Spanning tree of G iff ‘t’ is a tree.3 

 The problem is to generate a graph G’= (V,E) where ‘E’ is the subset of E,G’ is a 

Minimum spanning tree. 

 Each and every edge will contain the given non-negative length .connect all the nodes 
with edge present in set E’ and weight has to be minimum. 

 

NOTE: 

 

 We have to visit all the nodes. 

 The subset tree (i.e) any connected graph with ‘N’ vertices must have at least N-1 edges 

and also it does not form a cycle. 

 

Definition: 

 
 A spanning tree of a graph is an undirected tree consisting of only those edge that are 

necessary to connect all the vertices in the original graph. 

 A Spanning tree has a property that for any pair of vertices there exist only one path 
between them and the insertion of an edge to a spanning tree form a unique cycle. 

 

Application of the spanning tree: 

1. Analysis of electrical circuit. 
 

2. Shortest route problems. 

 

 

Minimum cost spanning tree: 

 The cost of a spanning tree is the sum of cost of the edges in that trees. 

 There are 2 method to determine a minimum cost spanning tree are 

 

 
 

1. Kruskal’s Algorithm 
 

2. Prom’s Algorithm. 



 

 

 

 

 

 

SINGLE SOURCE SHORTEST PATH 
 

Single-source shortest path: 

 

Graphs can be used to represent the highway structure of a state or country with 

vertices representing cities and edges representing sections of highway. The edges can then 

be assigned weights which may be either the distance between the two cities connected by 

the edge or the average time to drive along that section of highway. A motorist wishing to 

drive from city A to B would be interested in answers to the following questions: 

 

 
1. Is there a path from A to B? 

2. If there is more than one path from A to B? Which is the shortest path? 
 

 

 
The problems defined by these questions are special case of the path problem we study in 

this section. The length of a path is now defined to be the sum of the weights of the edges 

on that path. The starting vertex of the path is referred to as the source and the last vertex 

the destination. The graphs are digraphs representing streets. Consider a digraph G=(V,E), 

with the distance to be traveled as weights on the edges. The problem is to determine the 

shortest path 



 

 

from v0 to all the remaining vertices of G. It is assumed that all the weights associated with 

the edges are positive. The shortest path between v0 and some other node v is an ordering 

among a subset of the edges. Hence this problem fits the ordering paradigm. 

 

 
Example: 

 

Consider the digraph of fig 7-1. Let the numbers on the edges be the costs of travelling 

along that route. If a person is interested travel from v1 to v2, then he encounters many 

paths. Some of them are 

 

 
1. v1 v2=50units 

2. v1v3v4v2=10+15+20=45units 

3. v1v5v4v2=45+30+20=95units 

4. v1v3v4v5v4v2=10+15+35+30+20=10units 

 

 
 

Thecheapestpathamongtheseisthepathalongv1v3v4 v2.Thecostofthep

athis 10+15+20=45units.Eventhoughtherearethre  

edgesonthispath,itischeaperthan 

travelingalongthepathconectingv1andv2directlyi.e.,thepathv1v2thatcost

s50units. 

Onecanalsonoticethat,itisnotposibletotraveltov6fromanyothernode. 

Toformulateagredybasedalgorithm 

togeneratethecheapestpaths,wemustconceivea 

multistagesolutiontotheproblem 

andalsoofanoptimizationmeasure.Oneposibilityisto 

buildtheshortestpathsonebyone.Asanoptimizationmeasurewecanusethesum 

ofthe 

lengthsofalpathssofargenerated.Forthismeasuretobeminimized,eachindiv

idualpath mustbeofminimum 

length.Ifwehavealreadyconstructedishortestpaths,thenusingthis 

optimizationmeasure,thenextpathtobeconstructedshouldbethenextshortestmin

imum lengthpath.Thegredywaytogeneratethesepathsinnon-

decreasingorderofpathlength. 

First,ashortestpathtothenearestvertexisgenerated.Thenashortestpathtothesec

ond nearestvertexisgenerated,andsoon. 



 

 

Amuchsimplermethodwouldbetosolveitusingmatrixrepresentation.Thestepsth

atshould befolowedisasfolows, 

 

 
Step1:findtheadjacencymatrixforthegivengraph.Theadjacencymatrixforfi

g7.1isgiven below 



 

 

 

 

 

 
 

 

 
 

Step2:considerv1tobethesourceandchosetheminimumentryintherowv1.Inth

eabove tabletheminimuminrowv1is10. 

 

 
Step3:findouthecolumninwhichtheminimumispresent,fortheaboveexamplei

tiscolumn v3.Hence,thisisthenodethathastobenextvisited. 

 

 
Step4:computeamatrixbyeliminatingv1andv3columns.Initialyretainonl

yrow v1.The secondrowiscomputedbyading10toalvaluesofrowv3. 

Theresultingmatrixis 
 

 

 

 
V2 V4 V5 V6 

 
V1 V2 V3 V4 V5 V6 

V1 - 50 10 Inf 45 Inf 

V2 Inf - 15 Inf 10 Inf 

V3 20 Inf - 15 Inf Inf 

V4 Inf 20 Inf - 35 Inf 

V5 Inf Inf Inf 30 - Inf 

V6 Inf Inf Inf 3 Inf - 



 

 

 

V1Vw 50 Inf 45 Inf 

V1V3Vw 10+inf 10+15 10+inf 10+inf 

Minimum 50 25 45 inf 

Step5:findtheminimum ineachcolumn.Nowselectheminimum from 

theresultingrow.In theaboveexampletheminimum 

is25.Repeatstep3folowedbystep4tilalverticesare 

coveredorsinglecolumnisleft. 

 

 
Thesolutionforthefig7.1canbecontinuedasfolows 

 

 

 
 

V2 V5 V6 

V1Vw 50 45 Inf 

V1V3V4Vw 25+20 25+35 25+inf 

Minimum 45 45 inf 

 

 
 

V5 V6 

V1Vw 45 Inf 

V1V3V4V2Vw 45+10 45+inf 

Minimum 45 inf 

 
V6 

 



 

 

 

V1Vw Inf 

V1V3V4V2V5Vw 45+inf 

Minimum inf 

 
 

Finalythecheapestpathfromv1toalotherverticesisgivenbyV1V3V4V2V5. 
 

 



 

 

UNIT-IV 

 

 

Dynamic Programming: General method, applications- 0/1 knapsack problem, All pairs shortest path 

problem, Travelling sales person problem, Reliability design, optimal binary search tree. 

 

 

 

BASIC SEARCH AND TRAVERSAL TECHNIQUES 

 

The techniques-and/or graphs-bi_connected components-depth first search-topological 

sorting-breadth first search. 

 

DYNAMIC PROGRAMING 

 The idea of dynamic programming is thus quit simple: avoid calculating the same thing 

twice, usually by keeping a table of known result that fills up a sub instances are solved. 

 

 Divide and conquer is a top-down method. 

 

 When a problem is solved by divide and conquer, we immediately attack the complete 

instance, which we then divide into smaller and smaller sub-instances as the algorithm 

progresses. 

 

 Dynamic programming on the other hand is a bottom-up technique. 

 

 We usually start with the smallest and hence the simplest sub- instances. 

 

 By combining their solutions, we obtain the answers to sub-instances of increasing size, 
until finally we arrive at the solution of the original instances. 

 

 The essential difference between the greedy method and dynamic programming is that the 

greedy method only one decision sequence is ever generated. 

 

 In dynamic programming, many decision sequences may be generated. However, 

sequences containing sub-optimal sub-sequences can not be optimal and so will not be 

generated. 
 

ALL PAIR SHORTEST PATH 

 Let G=<N,A> be a directed graph ’N’ is a set of nodes and ‘A’ is the set of edges. 

 

 Each edge has an associated non-negative length. 

 

 We want to calculate the length of the shortest path between each pair of nodes. 



 

 

 

 Suppose the nodes of G are numbered from 1 to n, so N={1,2,...N},and suppose G matrix 

L gives the length of each edge, with L(i,j)=0 for i=1,2...n,L(i,j)>=for all i & j, and 

L(i,j)=infinity, if the edge (i,j) does not exist. 

 

 The principle of optimality applies: if k is the node on the shortest path from i to j then the 

part of the path from i to k and the part from k to j must also be optimal, that is shorter. 

 

 First, create a cost adjacency matrix for the given graph. 

 

 Copy the above matrix-to-matrix D, which will give the direct distance between nodes. 

 

 We have to perform N iteration after iteration k.the matrix D will give you the distance 

between nodes with only (1,2...,k)as intermediate nodes. 

 

 At the iteration k, we have to check for each pair of nodes (i,j) whether or not there exists 

a path from i to j passing through node k. 

 
 

COST ADJACENCY MATRIX: 

 

D 0 =L= 0 5  

50 0   15 5 

30 

15 

0 15 

5 0 

 

 

1 7  5  11  12   -   - 

2 7  2 21 - -  24 

3  3   - 32   - - 

4 4 1  41 –   43  - 
 

vertex 1: 

 

 7 5   11 12 - -  

712    2  21 212 - 24 

  3    - 32 - - 

4 9 1   41 412  43 – 

vertex 2: 
      

 7 5  7  11 12 - 124 

 7 12  2  21 212 - 24 



For All jntu material visit us at   www.jntumaterials.in and www.jntu3u.in 
 

 

10 3  5 321 32 - 324 

4   9 111 41 412   43 4124 

 
vertex 3:  

 
7 5 7 11 12 

 
- 124 

 7 12  2 21 212  - 24 
 10 3  5 321 32  - 324 
 4 4 1 6 41 432 43  4324 

 

vertex 4: 
 

7   58 7 11 12 1243 124 

6   6   3 2 241 2432 243 24 

9 3 6 5 3241 32 3243 324 

4 4   1   6 41 432 43   4324 

 

 At 0th iteration it nil give you the direct distances between any 2 nodes 

 

D 0= 0 5 

50   0   15 5 

30 0   15 

15 5 0 

 

 At 1st iteration we have to check the each pair(i,j) whether there is a path through node 1.if 

so we have to check whether it is minimum than the previous value and if I is so than the 

distance through 1 is the value of d1(i,j).at the same time we have to solve the intermediate 

node in the matrix position p(i,j). 

 
 

0 5 

50   0   15   5 p[3 , 2]= 1 

D 1= 3350 0 15 p[4 , 2]= 1 

2 105  5   0 
 

15 
 

 

 

 

15 

30 
5 

5 50 5 

3 

http://www.jntumaterials.in/
http://www.jntu3u.in/


4 

 

 

 

15 

 
Fig: floy d’s algori th m a n d wor k 

 

 likewise we have to find the value for N iteration (ie) for N nodes. 
 
 
 

 0 250 10  P[1 , 3] = 2  

D 2= 50 0 15 5 P[1 , 4] = 2 
 30 35 0 15   

 15 20 5 0   

 

 

 
 

 0 5 20 10  

D 3= 45 0 15 5  P[2 , 1]=3 
 30 35 0 15  

 15 20 5 0  

 

 
 

 

0 155 10 

20 1 00 5 P[1 , 3]=4 

D 4= 30 35 0 15 P[2 , 3]=4 
 15 20 5 0  

 

 

 D4 will give the shortest distance between any pair of nodes. 

 

 If you want the exact path then we have to refer the matrix p.The matrix will be, 

 

0 0 4 2 

3 0 4 0 0 direct pat h 

P= 0 1 0 0 

0 1 0 0 

 

 Since,p[1,3]=4,the shortest path from 1 to3 passes through 4. 

 

 Looking now at p[1,4]&p[4,3] we discover that between 1 & 4, we have to go to node 2 

but that from 4 to 3 we proceed directly. 

 

 Finally we see the trips from 1 to 2, & from 2 to 4, are also direct. 
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 The shortest path from 1 to 3 is 1,2,4,3. 

 

ALGORITHM : 
 

Function Floyd (L[1..r,1..r]):array[1..n,1..n] 

array D[1..n,1..n] 

 

D = L 

For k = 1 to n do 

For i = 1 to n do 

For j = 1 to n do 

D [ i , j ] = min (D[ i, j ], D[ i, k ] + D[ k, j ] 

Return D 

 

ANALYSIS: 

 

This algorithm takes a time of (n3) 

 
 

TRAVELLING SALESMAN PROBLEM 

 
 Let G(V,E) be a directed graph with edge cost cij is defined such that cij >0 for all i and 

j and cij = ,if <i,j>  E. 

Let  V =n and assume n>1. 

 The traveling salesman problem is to find a tour of minimum cost. 

 A tour of G is a directed cycle that include every vertex in V. 

 The cost of the tour is the sum of cost of the edges on the tour. 

 The tour is the shortest path that starts and ends at the same vertex (ie) 1. 

 

APPLICATION : 

 

1. Suppose we have to route a postal van to pick up mail from the mail boxes located at ‘n’ 

different sites. 

2. An n+1 vertex graph can be used to represent the situation. 

3. One vertex represent the post office from which the postal van starts and return. 

4. Edge <i,j> is assigned a cost equal to the distance from site ‘i’ to site ‘j’. 
5. the route taken by the postal van is a tour and we are finding a tour of minimum length. 
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6. every tour consists of an edge <1,k> for some k  V-{} and a path from vertex k to 
vertex 1. 

7. the path from vertex k to vertex 1 goes through each vertex in V-{1,k} exactly once. 

8. the function which is used to find the path is 

g(1,V-{1}) = min{ cij + g(j,s-{j})} 

9. g(i,s) be the length of a shortest path starting at vertex i, going 
through all vertices in S,and terminating at vertex 1. 

10. the function g(1,v-{1}) is the length of an optimal tour. 

 

STEPS TO FIND THE PATH: 

 

1. Find g(i,) =ci1, 1<=i<n, hence we can use equation(2) to obtain g(i,s) for all s to size 1. 

2. That we have to start with s=1,(ie) there will be only one vertex in set ‘s’. 

3. Then s=2, and we have to proceed until |s| <n-1. 

4. for example consider the graph. 
 

10 

15 
10 

15 

20 8 9 13 

8 6 

 

12 

7 
 

Cost matrix 
 

 
0 10 15 20 

5 0 9 10 
6 13 0 12 

8 8 9 0 
 

g(i,s) set of nodes/vertex have to visited. 

 
 

starting position 

 
g(i,s) =min{cij +g(j,s-{j}) 

 

STEP 1: 
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g(1,{2,3,4})=min{c12+g(2{3,4}),c13+g(3,{2,4}),c14+g(4,{2,3})} 

 

min{10+25,15+25,20+23} 

min{35,35,43} 

=35 

 

STEP 2: 
 

g(2,{3,4}) = min{c23+g(3{4}),c24+g(4,{3})} 

 

min{9+20,10+15} 

min{29,25} 

=25 
 

g(3,{2,4}) =min{c32+g(2{4}),c34+g(4,{2})} 

 

min{13+18,12+13} 

min{31,25} 

=25 

 

g(4,{2,3}) = min{c42+g(2{3}),c43+g(3,{2})} 

 

min{8+15,9+18} 

min{23,27} 

=23 

 

STEP 3: 

 

1. g(3,{4}) = min{c34 +g{4,}} 

12+8 =20 
 

2. g(4,{3}) = min{c43 +g{3,}} 

9+6 =15 

 

3. g(2,{4}) = min{c24 +g{4,}} 

10+8 =18 
 

4. g(4,{2}) = min{c42 +g{2,}} 

8+5 =13 
 

5. g(2,{3}) = min{c23 +g{3,}} 

9+6=15 
 

6. g(3,{2}) = min{c32 +g{2,}} 
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13+5=18 

 

STEP 4: 

g{4,} =c41 = 8 

g{3,} =c31 = 6 

g{2,} =c21 = 5 

s = 0. 
 

i =1 to n. 

 

g(1,) = c11 => 0 

g(2,) = c21 => 5 

g(3,) = c31 => 6 

g(4,) = c41 => 8 

s = 1 

i =2 to 4 

g(2,{3}) = c23 + g(3,) 

= 9+6 =15 
 

g(2,{4}) = c24 + g(4,) 

= 10+8 =18 
 

g(3,{2}) = c32 + g(2,) 

= 13+5 =18 

 

g(3,{4}) = c34 + g(4,) 

= 12+8 =20 
 

g(4,{2}) = c42 + g(2,) 

= 8+5 =13 
 

g(4,{3}) = c43 + g(3,) 

= 9+6 =15 
 

s = 2 
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i 1, 1 s and i  s. 

 

g(2,{3,4}) = min{c23+g(3{4}),c24+g(4,{3})} 
min{9+20,10+15} 

min{29,25} 

=25 

 

g(3,{2,4}) =min{c32+g(2{4}),c34+g(4,{2})} 

min{13+18,12+13} 

min{31,25} 

=25 

 

g(4,{2,3}) = min{c42+g(2{3}),c43+g(3,{2})} 
min{8+15,9+18} 

min{23,27} 

=23 

s = 3 

g(1,{2,3,4})=min{c12+g(2{3,4}),c13+g(3,{2,4}),c14+g(4,{2,3})} 

min{10+25,15+25,20+23} 
min{35,35,43} 

=35 

 

optimal cost is 35 

the shortest path is, 

g(1,{2,3,4}) = c12 + g(2,{3,4}) => 1->2 

 

g(2,{3,4}) = c24 + g(4,{3}) => 1->2->4 

 

g(4,{3}) = c43 + g(3{}) => 1->2->4->3->1 

 

so the optimal tour is 1  2  4 3  1 

 

 
 

 

0/1 KNAPSACK PROBLEM: 
 

 This problem is similar to ordinary knapsack problem but we may not take a fraction of 

an object. 
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 We are given ‘ N ‘ object with weight Wi and profits Pi where I varies from l to N and 

also a knapsack with capacity ‘ M ‘. 

 

 The problem is, we have to fill the bag with the help of ‘ N ‘ objects and the resulting 

profit has to be maximum. 

n 

 Formally, the problem can be started as, maximize  Xi Pi 

i=l 

n 

subject to  Xi Wi L M 

i=l 
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 Where Xi are constraints on the solution Xi {0,1}. (u) Xi is required to be 0 or 1. if the 
object is selected then the unit in 1. if the object is rejected than the unit is 0. That is 

why it is called as 0/1, knapsack problem. 

 

 To solve the problem by dynamic programming we up a table T[1…N, 0…M] (ic) the 

size is N. where ‘N’ is the no. of objects and column starts with ‘O’ to capacity (ic) ‘M’. 

 

 In the table T[i,j] will be the maximum valve of the objects i varies from 1 to n and j 
varies from O to M. 

 

RULES TO FILL THE TABLE:- 

 

 If i=l and j < w(i) then T(i,j) =o, (ic) o pre is filled in the table. 

 

 If i=l and j w (i) then T (i,j) = p(i), the cell is filled with the profit p[i], since only one 

object can be selected to the maximum. 

 

 If i>l and j < w(i) then T(i,l) = T (i-l,j) the cell is filled the profit of previous object 
since it is not possible with the current object. 

 

 If i>l and j w(i) then T (i,j) = {f(i) +T(i-l,j-w(i)),. since only ‘l’ unit can be selected to 

the maximum. If is the current profit + profit of the previous object to fill the remaining 

capacity of the bag. 

 

 After the table is generated, it will give details the profit. 

 

ES TO GET THE COMBINATION OF OBJECT : 

 
 Start with the last position of i and j, T[i,j], if T[i,j] = T[i-l,j] then no object of ‘i’ is 

required so move up to T[i-l,j]. 

 

 After moved, we have to check if, T[i,j]=T[i-l,j-w(i)]+ p[I], if it is equal then one unit of 

object ‘i’ is selected and move up to the position T[i-l,j-w(i)] 

 

 Repeat the same process until we reach T[i,o], then there will be nothing to fill the bag 
stop the process. 

 

 Time is 0(nw) is necessary to construct the table T. 

 

 Consider a Example, 

 

M = 6, 

N = 3 

W1 = 2, W2 = 3, W3 = 4 

P1 = 1, P2 =2, P3 = 5 
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i 1 to N 

j 0 to 6 

 

i=l, j=o (ic) i=l & j < w(i) 

o<2 T1,o =0 

i=l, j=l (ic) i=l & j < w(i) 

l<2 T1,1 =0 (Here j is equal to w(i) P(i) 

i=l, j=2 

2 o,= T1,2 = l. 
 

i=l, j=3 

3>2,= T1,3 = l. 

 

i=l, j=4 

4>2,= T1,4 = l. 
 

i=l, j=5 

5>2,= T1,5 = l. 

 

i=l, j=6 

6>2,= T1,6 = l. 
 

=> i=2, j=o (ic) i>l,j<w(i) 

o<3= T(2,0) = T(i-l,j) = T(2) 

T 2,0 =0 

 

i=2, j=1 

l<3= T(2,1) = T(i-l) 
T 2,1 =0 

 
 

BASIC SEARCH AND TRAVERSAL TECHNIQUE : 
 

GRAPH 
 

DEFINING GRAPH: 
 

A graphs g consists of a set V of vertices (nodes) and a set E of edges (arcs). We write 

G=(V,E). V is a finite and non-empty set of vertices. E is a set of pair of vertices; these pairs are 

called as edges . Therefore, 



 

 

V(G).read as V of G, is a set of vertices and E(G),read as E of G is a set of edges. 

An edge e=(v, w) is a pair of vertices v and w, and to be incident with v and w. 

 

A graph can be pictorially represented as follows, 
 

1 
 

2 3 
 

4 
 

 

FIG: Grap h G 

 
We have numbered the graph as 1,2,3,4. Therefore, V(G)=(1,2,3,4) and E(G) 

= {(1,2),(1,3),(1,4),(2,3),(2,4)}. 

 

Reliability design : 

 

• Solve a problem with a multiplicative optimization function 

• Several devices are connected in series 

• ri be the reliability of device Di 

• Reliability of the entire system 

• Duplicate : multiple copies of the same device type are connected in parallel use switching circuits 

• In reliability design, the problem is to design a system that is composed of several devices 

connected in series. 

•  
• If we imagine that r1 is the reliability of the device. 

• Then the reliability of the function can be given by πr1. 

• If r1 = 0.99 and n = 10 that n devices are set in a series, 1 <= i <= 10, then reliability of the 

whole system πri can be given as: Πri = 0.904 

• So, if we duplicate the devices at each stage then the reliability of the system can be increased. 

• It can be said that multiple copies of the same device type are connected in parallel through the 

use of switching circuits. Here, switching circuit determines which devices in any given group are 

functioning properly. Then they make use of such devices at each stage, that result is increase in 

reliability at each stage. If at each stage, there are mi similar types of devices Di, then the 

probability that all mi have a malfunction is (1 - ri)^mi, which is very less. 

• And the reliability of the stage I becomes (1 – (1 - ri) ^mi). Thus, if ri = 0.99 and mi = 2, then the 

stage reliability becomes 0.9999 which is almost equal to 1. Which is much better than that of the 

previous case or we can say the reliability is little less than 1 - (1 - ri) ^mi because of less 

reliability of switching circuits. 



 

 

•  
• In reliability design, we try to use device duplication to maximize reliability. But this maximization 

should be considered along with the cost. 

• Let c is the maximum allowable cost and ci be the cost of each unit of device i. Then the 

maximization problem can be given as follows: 

• Maximize π Øi (mi) for 1 <= I <= n 

• Subject to: 

•  
 

• mi>= 1 and integer 1 <= i <= n 

• Here, Øi (mi) denotes the reliability of the stage i. 

• The reliability of the system can be given as follows: 

• Π Øi (mi) for 1 <= i <= n 

• If we increase the number of devices at any stage beyond the certain limit, then also only the cost 

will increase but the reliability could not increase. 

Optimal Binary search tree:  

 

Given a sorted array keys[0.. n-1] of search keys and an array freq[0.. n-1] of frequency 
counts, where freq[i] is the number of searches to keys[i]. Construct a binary search tree of 
all keys such that the total cost of all the searches is as small as possible. 
Let us first define the cost of a BST. The cost of a BST node is level of that node multiplied 
by its frequency. Level of root is 1. 
Examples:  
  
Input:  keys[] = {10, 12}, freq[] = {34, 50} 

There can be following two possible BSTs  

        10                       12 



 

 

          \                     /  

           12                 10 

          I                     II 

Frequency of searches of 10 and 12 are 34 and 50 respectively. 

The cost of tree I is 34*1 + 50*2 = 134 

The cost of tree II is 50*1 + 34*2 = 118  

 

 

Input:  keys[] = {10, 12, 20}, freq[] = {34, 8, 50} 

There can be following possible BSTs 

    10                12                 20         10              20 

      \             /    \              /             \            / 

      12          10     20           12               20         10   

        \                            /                 /           \ 

         20                        10                12             12   

     I               II             III             IV             V 

Among all possible BSTs, cost of the fifth BST is minimum.   

Cost of the fifth BST is 1*50 + 2*34 + 3*8 = 142 

 

 



 

 

 

 

UNIT-V 

Backtracking: General method, applications-n-queen problem, sum of subsets problem, graph coloring, 

Hamiltonian cycles.  

 

. 

 

BACKTRACKING 
 

 It is one of the most general algorithm design techniques. 

 

 Many problems which deal with searching for a set of solutions or for a optimal 
solution satisfying some constraints can be solved using the backtracking 

formulation. 

 

 To apply backtracking method, tne desired solution must be expressible as an n- 
tuple (x1…xn) where xi is chosen from some finite set Si. 

 

 The problem is to find a vector, which maximizes or minimizes a criterion function 
P(x1….xn). 

 

 The major advantage of this method is, once we know that a partial vector (x1,…xi) 

will not lead to an optimal solution that (mi+1 ............................. mn) possible test 

vectors may be ignored entirely. 

 

 Many problems solved using backtracking require that all the solutions satisfy a 
complex set of constraints. 

 

 These constraints are classified as: 

 

i) Explicit constraints. 

ii) Implicit constraints. 

 

1) Explicit constraints: 
Explicit constraints are rules that restrict each Xi to take values only from a 

given set. 

Some examples are, 

Xi0 or Si = {all non-negative real nos.} 

Xi =0 or 1 or Si={0,1}. 

Li XiUi or Si= {a: Li a Ui} 
 

 All tupules that satisfy the explicit constraint define a possible solution space for 
I. 

 

2) Implicit constraints: 



 

 

The implicit constraint determines which of the tuples in the solution space I 

can actually satisfy the criterion functions. 

 

Algorithm: 

 

Algorithm IBacktracking (n) 

// This schema describes the backtracking procedure .All solutions are generated in 
X[1:n] 

//and printed as soon as they are determined. 

{ 
k=1; 

While (k 0) do 
{ 

if (there remains all untried 

X[k]  T (X[1],[2],…..X[k-1]) and Bk (X[1],…..X[k])) is true ) then 

{ 
if(X[1],……X[k] )is the path to the answer node) 

Then write(X[1:k]); 

k=k+1; //consider the next step. 

} 

else k=k-1; //consider backtracking to the previous set. 

} 

} 
 

 All solutions are generated in X[1:n] and printed as soon as they are determined. 

 

 T(X[1]…..X[k-1]) is all possible values of X[k] gives that X[1], ......... X[k-1] have 

already been chosen. 

 

 Bk(X[1]………X[k]) is a boundary function which determines the elements of X[k] 

which satisfies the implicit constraint. 

 

 Certain problems which are solved using backtracking method are, 

 

1. Sum of subsets. 

2. Graph coloring. 

3. Hamiltonian cycle. 

4. N-Queens problem. 

 

SUM OF SUBSETS: 

 We are given ‘n’ positive numbers called weights and we have to find all 

combinations of these numbers whose sum is M. this is called sum of subsets 

problem. 



 

 

5,3,58 0,3,58 

 If we consider backtracking procedure using fixed tuple strategy , the elements X(i) 

of the solution vector is either 1 or 0 depending on if the weight W(i) is included or 

not. 

 

 If the state space tree of the solution, for a node at level I, the left child corresponds 

to X(i)=1 and right to X(i)=0. 

 

Example: 

 

 Given n=6,M=30 and W(1…6)=(5,10,12,13,15,18).We have to generate all 
possible combinations of subsets whose sum is equal to the given value M=30. 

 

 In state space tree of the solution the rectangular node lists the values of s, k, r, 

where s is the sum of subsets,’k’ is the iteration and ‘r’ is the sum of elements after 
‘k’ in the original set. 

 

 The state space tree for the given problem is, 

 

S, n, r 

X(1)=1 x(1)=0 
 

X(2)=1 x(2)=0 x(2)=1 x(2)=0 

  

 

X(3)=1 x(3)=0 x(3)=1 x(3)=0 

C 

 

 
X(4)=0 

X(4)=1 x(4)=0 

B 

 

 

X(5)=1 x(5)=1 

A 

 

Ist 

IInd 

5,3,58 10,3,58 

20,6,18 

10,5,33 5,5,33 15,5,33 

10,4,46 5,4,4 17,4,46 15,4,46 27,4,46 

solution is A -> 1 1 0 0 1 0 
solution is B -> 1 0 1 1 0 0 

 

0,1,73 

5,2,68 0,2,68 



 

 

III rd solution is C -> 0 0 1 0 0 1 

 

 In the state space tree, edges from level ‘i’ nodes to ‘i+1’ nodes are labeled with the 
values of Xi, which is either 0 or 1. 

 

 The left sub tree of the root defines all subsets containing Wi. 

 

 The right subtree of the root defines all subsets, which does not include Wi. 

 

GENERATION OF STATE SPACE TREE: 

 

 Maintain an array X to represent all elements in the set. 

 

 The value of Xi indicates whether the weight Wi is included or not. 

 

 Sum is initialized to 0 i.e., s=0. 

 

 We have to check starting from the first node. 

 

 Assign X(k)<- 1. 
 

 If S+X(k)=M then we print the subset b’coz the sum is the required output. 

 

 If the above condition is not satisfied then we have to check S+X(k)+W(k+1)<=M. 

If so, we have to generate the left sub tree. It means W(t) can be included so the 

sum will be incremented and we have to check for the next k. 

 

 After generating the left sub tree we have to generate the right sub tree, for this 

we have to check S+W(k+1)<=M.B’coz W(k) is omitted and W(k+1) has to be 
selected. 

 

 Repeat the process and find all the possible combinations of the subset. 

 

Algorithm: 
 

Algorithm sumofsubset(s,k,r) 

{ 
//generate the left child. note s+w(k)<=M since Bk-1 is true. 

X{k]=1; 

If (S+W[k]=m) then write(X[1:k]); // there is no recursive call here as W[j]>0,1<=j<=n. 
Else if (S+W[k]+W[k+1]<=m) then sum of sub (S+W[k], k+1,r- W[k]); 

//generate right child and evaluate Bk. 

If ((S+ r- W[k]>=m)and(S+ W[k+1]<=m)) then 

{ 

X{k]=0; 



 

 

sum of sub (S, k+1, r- W[k]); 

} 

} 
 

HAMILTONIAN CYCLES: 
 

 Let G=(V,E) be a connected graph with ‘n’ vertices. A HAMILTONIAN CYCLE 

is a round trip path along ‘n’ edges of G which every vertex once and returns to 

its starting position. 

 

 If the Hamiltonian cycle begins at some vertex V1 belongs to G and the vertex are 

visited in the order of V1,V2…….Vn+1,then the edges are in E,1<=I<=n and the 

Vi are distinct except V1 and Vn+1 which are equal. 

 

 Consider an example graph G1. 
 

 

 

 

 

   
 

 

 
 

   

 

The graph G1 has Hamiltonian cycles: 

 

->1,3,4,5,6,7,8,2,1 and 

->1,2,8,7,6,5,4,3,1. 

 

 The backtracking algorithm helps to find Hamiltonian cycle for any type of graph. 

 

Procedure: 

 

1. Define a solution vector X(Xi……..Xn) where Xi represents the I th visited 

vertex of the proposed cycle. 

 

2. Create a cost adjacency matrix for the given graph. 

 

3. The solution array initialized to all zeros except X(1)=1,b’coz the cycle should 

start at vertex ‘1’. 

 

4. Now we have to find the second vertex to be visited in the cycle. 

1      2      3 

8      7    

4 

5 6 



 

 

5. The vertex from 1 to n are included in the cycle one by one by checking 2 

conditions, 

1. There should be a path from previous visited vertex to current vertex. 

2. The current vertex must be distinct and should not have been visited earlier. 
 

6. When these two conditions are satisfied the current vertex is included in the 

cycle, else the next vertex is tried. 

 

7. When the nth vertex is visited we have to check, is there any path from nth vertex 

to first 8vertex. if no path, the go back one step and after the previous visited node. 

 

8. Repeat the above steps to generate possible Hamiltonian cycle. 

 

Algorithm:(Finding all Hamiltonian cycle) 
 

Algorithm Hamiltonian (k) 

{ 

Loop 
Next value (k) 

If (x (k)=0) then return; 

{ 

If k=n then 

Print (x) 

Else 
Hamiltonian (k+1); 

End if 

 

} 

Repeat 

} 

 

Algorithm Nextvalue (k) 

{ 

Repeat 
{ 

X [k]=(X [k]+1) mod (n+1); //next vertex 

If (X [k]=0) then return; 

If (G [X [k-1], X [k]] 0) then 

{ 

For j=1 to k-1 do if (X [j]=X [k]) then break; 

// Check for distinction. 
If (j=k) then //if true then the vertex is distinct. 

If ((k<n) or ((k=n) and G [X [n], X [1]]  0)) then return; 

} 

} Until (false); 

} 



 

 

 

8- QUEENS PROBLEM: 
 

This 8 queens problem is to place n-queens in an ‘N*N’ matrix in such a way that 

no two queens attack each otherwise no two queens should be in the same row, column, 

diagonal. 

 

Solution: 

 

 The solution vector X (X1…Xn) represents a solution in which Xi is the column 

of the th row where I th queen is placed. 

 

 First, we have to check no two queens are in same row. 

 

 Second, we have to check no two queens are in same column. 

 

 The function, which is used to check these two conditions, is [I, X (j)], which gives 

position of the I th queen, where I represents the row and X (j) represents the column 

position. 

 

 Third, we have to check no two queens are in it diagonal. 

 

 Consider two dimensional array A[1:n,1:n] in which we observe that every element 

on the same diagonal that runs from upper left to lower right has the same value. 

 

 Also, every element on the same diagonal that runs from lower right to upper left  

has the same value. 

 

 Suppose two queens are in same position (i,j) and (k,l) then two queens lie on the 

same diagonal , if and only if |j-l|=|I-k|. 

 

STEPS TO GENERATE THE SOLUTION: 

 

 Initialize x array to zero and start by placing the first queen in k=1 in the first row. 

 To find the column position start from value 1 to n, where ‘n’ is the no. Of 

columns or no. Of queens. 

 If k=1 then x (k)=1.so (k,x(k)) will give the position of the k th queen. Here we 
have to check whether there is any queen in the same column or diagonal. 

 For this considers the previous position, which had already, been found out. 

Check whether 

X (I)=X(k) for column |X(i)-X(k)|=(I-k) for the same diagonal. 
 If any one of the conditions is true then return false indicating that k th queen 

can’t be placed in position X (k). 

 For not possible condition increment X (k) value by one and precede d until the 

position is found. 



 

 

 If the position X (k)  n and k=n then the solution is generated completely. 

 If k<n, then increment the ‘k’ value and find position of the next queen. 
 If the position X (k)>n then k th queen cannot be placed as the size of the matrix is 

‘N*N’. 

 So decrement the ‘k’ value by one i.e. we have to back track and after the position 

of the previous queen. 

 

Algorithm: 

Algorithm place (k,I) 

//return true if a queen can be placed in k th row and I th column. otherwise it returns // 

//false .X[] is a global array whose first k-1 values have been set. Abs® returns the 

//absolute value of r. 
{ 

For j=1 to k-1 do 
If ((X [j]=I) //two in same column. 

Or (abs (X [j]-I)=Abs (j-k))) 

Then return false; 
Return true; 

} 

 

Algorithm Nqueen (k,n) 

//using backtracking it prints all possible positions of n queens in ‘n*n’ chessboard. So 

//that they are non-tracking. 

{ 

For I=1 to n do 

{ 

If place (k,I) then 

{ 

X [k]=I; 

If (k=n) then write (X [1:n]); 

Else nquenns(k+1,n) ; 

} 

} 

} 
 

Example: 4 queens. 

Two possible solutions are 
 
 

 Q   

   Q 

Q    

  Q  

 

  Q  

Q    

   Q 

 Q   

 



 

 

 

Solutin-1 Solution 2 

(2 4 1 3) (3 1 4 2) 

 

GRAPH COLORING: 
 

 Let ‘G’ be a graph and ‘m’ be a given positive integer. If the nodes of ‘G’ can be 

colored in such a way that no two adjacent nodes have the same color. Yet only ‘M’ 

colors are used. So it’s called M-color ability decision problem. 

 The graph G can be colored using the smallest integer ‘m’. This integer is referred 

to as chromatic number of the graph. 

 A graph is said to be planar iff it can be drawn on plane in such a way that no two 

edges cross each other. 

 Suppose we are given a map then, we have to convert it into planar. Consider each 

and every region as a node. If two regions are adjacent then the corresponding 

nodes are joined by an edge. 
 

Consider a map with five regions and its graph. 
 

 

1 is adjacent to 2, 3, 4. 

2 is adjacent to 1, 3, 4, 5 

3 is adjacent to 1, 2, 4 

4 is adjacent to 1, 2, 3, 5 

5 is adjacent to 2, 4 
 

 

 
 

4 5 

2 

3 

1 

1 

2 3 

5 4 



 

 

Steps to color the Graph: 
 

 First create the adjacency matrix graph(1:m,1:n) for a graph, if there is an edge 

between i,j then C(i,j) = 1 otherwise C(i,j) =0. 

 

 The Colors will be represented by the integers 1,2,…..m and the solutions will be 

stored in the array X(1),X(2),………..,X(n) ,X(index) is the color, index is the 

node. 

 

 He formula is used to set the color is, 

X(k) = (X(k)+1) % (m+1) 
 

 First one chromatic number is assigned ,after assigning a number for ‘k’ node, we 

have to check whether the adjacent nodes has got the same values if so then we 

have to assign the next value. 

 

 Repeat the procedure until all possible combinations of colors are found. 

 

 The function which is used to check the adjacent nodes and same color is, 

If(( Graph (k,j) == 1) and X(k) = X(j)) 

 

Example: 
 

N= 4 

M= 3 

 

Adjacency Matrix: 

 

0  1   0 1 

1  0   1 0 

0  1   0 1 

1  0   1 0 
 

 Problem is to color the given graph of 4 nodes using 3 colors. 

 

Node-1 can take the given graph of 4 nodes using 3 colors. 

 

 The state space tree will give all possible colors in that ,the numbers which are inside 

the circles are nodes ,and the branch with a number is the colors of the nodes. 

1 2 

4 3 



 

 

State Space Tree: 

 

 
 

Algorithm: 

 

Algorithm mColoring(k) 

// the graph is represented by its Boolean adjacency matrix G[1:n,1:n] .All assignments 

//of 1,2,……….,m to the vertices of the graph such that adjacent vertices are assigned 

//distinct integers are printed. ’k’ is the index of the next vertex to color. 
 

{ 

repeat 

{ 
// generate all legal assignment for X[k]. 

Nextvalue(k); // Assign to X[k] a legal color. 

If (X[k]=0) then return; // No new color possible. 
If (k=n) then // Almost ‘m’ colors have been used to color the ‘n’ vertices 

Write(x[1:n]); 

Else mcoloring(k+1); 

}until(false); 

} 

 

Algorithm Nextvalue(k) 

 

// X[1],……X[k-1] have been assigned integer values in the range[1,m] such that 

//adjacent values have distinct integers. A value for X[k] is determined in the 

//range[0,m].X[k] is assigned the next highest numbers color while maintaining 

//distinctness form the adjacent vertices of vertex K. If no such color exists, then X[k] is 
0. 

{ 



 

 

repeat 

{ 
X[k] = (X[k]+1)mod(m+1); // next highest color. 

If(X[k]=0) then return; //All colors have been used. 

For j=1 to n do 

{ 
// Check if this color is distinct from adjacent color. 

If((G[k,j] 0)and(X[k] = X[j])) 

// If (k,j) is an edge and if adjacent vertices have the same color. 

Then break; 

} 
 

if(j=n+1) then return; //new color found. 

} until(false); //otherwise try to find another color. 
} 

 

 The time spent by Nextvalue to determine the children is (mn) 

Total time is = (mn n). 
 

Knapsack Problem using Backtracking: 
 

 The problem is similar to the zero-one (0/1) knapsack optimization problem is 
dynamic programming algorithm. 

 

 We are given ‘n’ positive weights Wi and ’n’ positive profits Pi, and a positive 

number ‘m’ that is the knapsack capacity, the is problem calls for choosing a subset 

of the weights such that, 
 

WiXi 

1in 

m and PiXi 

1in 

is Maximized. 

 

Xi Constitute Zero-one valued Vector. 

 

 The Solution space is the same as that for the sum of subset’s problem. 

 

 Bounding functions are needed to help kill some live nodes without expanding 

them. A good bounding function for this problem is obtained by using an upper 

bound on the value of the best feasible solution obtainable by expanding the given 

live node. 

 

 The profits and weights are assigned in descending order depend upon the ratio. 

(i.e.) Pi/Wi P(I+1) / W(I+1) 

Solution : 



 

 

 

 After assigning the profit and weights ,we have to take the first object weights and 

check if the first weight is less than or equal to the capacity, if so then we include 

that object (i.e.) the unit is 1.(i.e.) K 1. 

 

 Then We are going to the next object, if the object weight is exceeded that object 

does not fit. So unit of that object is ‘0’.(i.e.) K=0. 

 Then We are going to the bounding function ,this function determines an upper 

bound on the best solution obtainable at level K+1. 
 

 Repeat the process until we reach the optimal solution. 

 

Algorithm: 

 

Algorithm Bknap(k,cp,cw) 
 

// ‘m’ is the size of the knapsack; ‘n’  no.of weights & profits. W[]&P[] are the 

//weights & weights. P[I]/W[I]  P[I+1]/W[I+1]. 

//fwFinal weights of knapsack. 

//fp final max.profit. 

//x[k] = 0 if W[k] is not the knapsack,else X[k]=1. 
 

{ 
// Generate left child. 

If((W+W[k] m) then 

{ 

Y[k] =1; 

If(k<n) then Bnap(k+1,cp+P[k],Cw +W[k]) 

If((Cp + p[w] > fp) and (k=n)) then 
 

{ 
fp = cp + P[k]; 

fw = Cw+W[k]; 

for j=1 to k do X[j] = Y[j]; 

} 

} 
 

if(Bound(cp,cw,k) fp) then 

{ 

y[k] = 0; 
if(k<n) then Bnap (K+1,cp,cw); 

if((cp>fp) and (k=n)) then 

{ 

fp = cp; 

fw = cw; 

for j=1 to k do X[j] = Y[j]; 



 

 

} 

} 

} 
 

Algorithm for Bounding function: 
 

Algorithm Bound(cp,cw,k) 

// cp current profit total. 

//cw current weight total. 

//kthe index of the last removed item. 

//mthe knapsack size. 
 

{ 
b=cp; 

c=cw; 

for I =- k+1 to n do 

{ 

c= c+w[I]; 

if (c<m) then b=b+p[I]; 

else return b+ (1-(c-m)/W[I]) * P[I]; 

}  
return b; 

} 

Example: 
 

M= 6 

 

 
Wi = 2,3,4 

  

 
4 

 

 
2 

 

 
2 

N= 3 Pi = 1,2,5 Pi/Wi (i.e.) 5 2 1 

Xi = 1 0 1 
     

The maximum weight is 6 
 

The Maximum profit is (1*5) + (0*2) + (1*1) 

 5+1 

 6. 
 

Fp = (-1) 

 1 3 & 0+4  6 

cw = 4,cp = 5,y(1) =1 

k = k+2 

 

  2 3 but 7>6 

so y(2) = 0 

 

 So bound(5,4,2,6) 



1 

 

 

 

B

=

5 

C

=

4 

I

=

3 

t

o 

3 

C

=

6 

6 6 
So return 5+(1-(6-6))/(2*1) 

 

 5.5 is not 
less than 

fp. So, 

k=k+1 

(i.e.) 3. 
 

3=3 & 4+2 6 

 

cw= 6,cp 

= 6, 

y(3)=1. 

K=4. 

 

 If 4> 3 then 

Fp =6,fw=6,k=3 ,x(1) 1 0 1 

The solution Xi  1 0 1 
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UNIT-VI 

 NP-Hard and NP-Complete problems: Basic Concepts, Non Deterministic algorithms, the classes 

of NP Hard and NP Complete, Cook’s Theorem.  

 

 

NP-HARD AND NP-COMPLETE PROBLEMS 

Problem Types: Optimization and Decision 

• Optimization problem: find a solution that maximizes or minimizes some 

objective function 

• Decision problem: answer yes/no to a question 

Many problems have decision and optimization versions. 

E.g.: traveling salesman problem 

• optimization: find Hamiltonian cycle of minimum length 

• decision: find Hamiltonian cycle of length m 

Decision problems are more convenient for formal investigation of their complexity. 

 

Class P: 

P: the class of decision problems that are solvable in O(p(n)) time, where p(n) is a polynomial of 

problem’s input size n 

Examples: 

• searching 

• element uniqueness 

• graph connectivity 

• graph acyclicity 

• primality testing 
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Class NP 

NP (nondeterministic polynomial): class of decision problems whose proposed 

solutions can be verified in polynomial time = solvable by a nondeterministic 

polynomial algorithm 

A nondeterministic polynomial algorithm is an abstract two-stage procedure that: 

• generates a random string purported to solve the problem 

• checks whether this solution is correct in polynomial time 

By definition, it solves the problem if it’s capable of generating and verifying a solution on one 

of its tries 
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Example: CNF satisfiability 

Problem: Is a boolean expression in its conjunctive normal form (CNF) satisfiable, i.e., are there 

values of its variables that makes it true? 

This problem is in NP. Nondeterministic algorithm: 

• Guess truth assignment 

• Substitute the values into the CNF formula to see if it evaluates to true 

Example: (A | ¬B | ¬C) & (A | B) & (¬B | ¬D | E) & (¬D | ¬E) 

Truth assignments: 

A B C D E 

0 0 0 0 0 

. . . 

1 1 1 1 1 

Checking phase: O(n) 

 

What problems are in NP? 

• Hamiltonian circuit existence 

• Partition problem: Is it possible to partition a set of n integers into two 

disjoint subsets with the same sum? 

• Decision versions of TSP, knapsack problem, graph coloring, and many 

other combinatorial optimization problems. (Few exceptions include: MST, 

shortest paths) 

• All the problems in P can also be solved in this manner (but no guessing 

is necessary), so we have: 

P  NP 

• Big question: P = NP ? 

 

NP-Complete Problems 
A decision problem D is NP-complete if it’s as hard as any problem 

in NP, i.e., 

• D is in NP 

• every problem in NP is polynomial-time reducible to D 
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NP problems 

 
 
 
 

NP     -complete 

problem 

 
 
 
 

 

Cook’s theorem (1971): CNF-sat is NP-complete 

Other NP-complete problems obtained through polynomial- time 

reductions from a known NP-complete problem 

NP problems 

 
 
 

 

known 

NP -complete 

problem 

candidate 

for    NP - 

completeness 

 
 
 
 

Examples: TSP, knapsack, partition, graph-coloring and hundreds of other 

problems of combinatorial nature 

  

 
 

P = NP ? Dilemma Revisited 

• P = NP would imply that every problem in NP, including all NP-

complete problems, could be solved in polynomial time 

• If a polynomial-time algorithm for just one NP-complete problem is 

discovered, then every problem in NP can be solved in polynomial time, i.e., 

P = NP 
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NP problems 

 
 
 
 
 
 

NP -complete 

problem 

 
 
 
 
 
 
 

 

• Most but not all researchers believe that P NP , i.e. P is a proper subset of 

NP 

 

APPROXIMATION ALGORITHMS 

Approximation Approach 
Apply a fast (i.e., a polynomial-time) approximation algorithm to get a solution that is not 

necessarily optimal but hopefully close to it 

 
Accuracy measures: 

accuracy ratio of an approximate solution sa 

r(sa) = f(sa) / f(s*) for minimization problems 

r(sa) = f(s*) / f(sa) for maximization problems 

where f(sa) and f(s*) are values of the objective function f for the approximate solution sa and 

actual optimal solution s* 

performance ratio of the algorithm A 

the lowest upper bound of r(sa) on all instances 

 

Nearest-Neighbor Algorithm for TSP 
Starting at some city, always go to the nearest unvisited city, and, after visiting all the cities, 

return to the starting one 
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Note: Nearest-neighbor tour may depend on the starting city Accuracy: RA 

= ∞ (unbounded above) – make the length of AD 

arbitrarily large in the above example 

 
 

Multifragment-Heuristic Algorithm 
Stage 1: Sort the edges in nondecreasing order of weights. 

Initialize the set of tour edges to be constructed to empty set 

Stage 2: Add next edge on the sorted list to the tour, skipping those whose 

addition would’ve created a vertex of 

degree 3 or a cycle of length less than n. Repeat this step 

until a tour of length n is obtained 

Note: RA = ∞, but this algorithm tends to produce better tours than the 

nearest-neighbor algorithm 

 
 

Twice-Around-the-Tree Algorithm 
Stage 1: Construct a minimum spanning tree of the graph (e.g., by 

Prim’s or Kruskal’s algorithm) 

Stage 2: Starting at an arbitrary vertex, create a path that goes twice around 

the tree and returns to the same vertex 

Stage 3: Create a tour from the circuit constructed in Stage 2 by making 

shortcuts to avoid visiting intermediate vertices more than once 
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Note: RA = ∞ for general instances, but this algorithm tends to produce better 

tours than the nearest-neighbor algorithm 

 
Example 

 
 

Christofides Algorithm 
Stage 1: Construct a minimum spanning tree of the graph 

Stage 2: Add edges of a minimum-weight matching of all the odd vertices in 

the minimum spanning tree 

Stage 3: Find an Eulerian circuit of the multigraph obtained in Stage 2 

Stage 3: Create a tour from the path constructed in Stage 2 by making 

shortcuts to avoid visiting intermediate vertices more than once 

RA = ∞ for general instances, but it tends to produce better tours than 

the twice-around-the-minimum-tree alg. 

 
Example: 
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Euclidean Instances 
Theorem If P ≠ NP, there exists no approximation algorithm for TSP 

with a finite performance ratio. 

Definition An instance of TSP is called Euclidean, if its distances satisfy 

two conditions: 

1. symmetry d[i, j] = d[j, i] for any pair of cities i and j 

2. triangle inequality d[i, j] ≤ d[i, k] + d[k, j] for any cities i, j, k 

For Euclidean instances: 

 

approx. tour length / optimal tour length ≤ 0.5( log2 n + 1) 

 

 
for nearest neighbor and multifragment heuristic; 

approx. tour length / optimal tour length ≤ 2 for twice-around-the-tree; 

approx. tour length / optimal tour length ≤ 1.5for Christofides 

 
 

Local Search Heuristics for TSP 

Start with some initial tour (e.g., nearest neighbor). On each iteration, explore the current tour’s 

neighborhood by exchanging a few edges in it. If the new tour is shorter, make it the current 

tour; otherwise consider another edge change. If no change yields a shorter tour, the current 

tour is returned as the output. 
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Example of a 2-change 

 
Example of a 3-change 

 
 

Empirical Data for Euclidean Instances 
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Greedy Algorithm for Knapsack Problem 
Step 1: Order the items in decreasing order of relative values: 

v1/w1… vn/wn 

Step 2: Select the items in this order skipping those that don’t fit into the 

knapsack 

 
Example: The knapsack’s capacity is 16 

item weight value v/w 

1 2 $40 20  

2 5 $30 6  

3 10 $50 5  

4 5 $10 2  

 
Accuracy 

• RA is unbounded (e.g., n = 2, C = m, w1=1, v1=2, w2=m, v2=m) 

• yields exact solutions for the continuous version 

 

Approximation Scheme for Knapsack Problem 
Step 1: Order the items in decreasing order of relative values: 

v1/w1… vn/wn 

Step 2: For a given integer parameter k, 0 ≤ k ≤ n, generate all subsets of 

k items or less and for each of those that fit the knapsack, add the 

remaining items in decreasing 

order of their value to weight ratios 

Step 3: Find the most valuable subset among the subsets generated in Step 2 and return it as the 

algorithm’s output 

• Accuracy: f(s*) / f(sa) ≤ 1 + 1/k for any instance of size n 

• Time efficiency: O(knk+1) 

• There are fully polynomial schemes: algorithms with polynomial running 

time as functions of both n and k 



12 

 

 

RAGIVGANDHI MEMORIAL COLLEGE OF ENGINEERING AND TECHNOLOGY 
DEPARTMENT OF COMPUTER SCIENCE AND ENGINEERING 

II B.TECH II SEM R19 SUBJECT: DESIGN AND ANALYSIS OF ALGORITHMS COURSE MATERIAL 

 

 

 

 
 

Bin Packing Problem: First-Fit Algorithm 
First-Fit (FF) Algorithm: Consider the items in the order given and place each item in the first 

available bin with enough room for it; if there are no such bins, start a new one 

Example: n = 4, s1 = 0.4, s2 = 0.2, s3 = 0.6, s4 = 0.7 

Accuracy 

• Number of extra bins never exceeds optimal by more than 

70% (i.e., RA ≤ 1.7) 

• Empirical average-case behavior is much better. (In one 

experiment with 128,000 bins, the relative error was found to 

be no more than 2%.) 

• 

Bin Packing: First-Fit Decreasing Algorithm 
First-Fit Decreasing (FFD) Algorithm: Sort the items in decreasing order (i.e., from the largest to 

the smallest). Then proceed as above by placing an item in the first bin in which it fits and starting 

a new bin if there are no such bins 

Example: n = 4, s1 = 0.4, s2 = 0.2, s3 = 0.6, s4 = 0.7 

Accuracy 

• Number of extra bins never exceeds optimal by more than 

50% (i.e., RA ≤ 1.5) 

• Empirical average-case behavior is much better, too 
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 Classes of NP Hard and NP Complete: 

 

A problem is in the class NPC if it is in NP and is as hard as any problem in NP. A problem 
is NP-hard if all problems in NP are polynomial time reducible to it, even though it may not 

be in NP itself. 

 

If a polynomial time algorithm exists for any of these problems, all problems in NP would be 
polynomial time solvable. These problems are called NP-complete. The phenomenon of 

NP-completeness is important for both theoretical and practical reasons. 

Definition of NP-Completeness 

A language B is NP-complete if it satisfies two conditions 

 B is in NP 

 Every A in NP is polynomial time reducible to B. 

If a language satisfies the second property, but not necessarily the first one, the 
language B is known as NP-Hard. Informally, a search problem B is NP-Hard if there exists 
some NP-Complete problem A that Turing reduces to B. 

The problem in NP-Hard cannot be solved in polynomial time, until P = NP. If a problem is 
proved to be NPC, there is no need to waste time on trying to find an efficient algorithm for 
it. Instead, we can focus on design approximation algorithm. 

NP-Complete Problems 

Following are some NP-Complete problems, for which no polynomial time algorithm is 
known. 

 Determining whether a graph has a Hamiltonian cycle 

 Determining whether a Boolean formula is satisfiable, etc. 

NP-Hard Problems 

The following problems are NP-Hard 

 The circuit-satisfiability problem 

 Set Cover 

 Vertex Cover 
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 Travelling Salesman Problem 

In this context, now we will discuss TSP is NP-Complete 

TSP is NP-Complete 

The traveling salesman problem consists of a salesman and a set of cities. The salesman 
has to visit each one of the cities starting from a certain one and returning to the same city. 
The challenge of the problem is that the traveling salesman wants to minimize the total length 
of the trip 

Proof 

To prove TSP is NP-Complete, first we have to prove that TSP belongs to NP. In TSP, we 
find a tour and check that the tour contains each vertex once. Then the total cost of the 
edges of the tour is calculated. Finally, we check if the cost is minimum. This can be 
completed in polynomial time. Thus TSP belongs to NP. 

Secondly, we have to prove that TSP is NP-hard. To prove this, one way is to show 
that Hamiltonian cycle ≤p TSP (as we know that the Hamiltonian cycle problem is 
NPcomplete). 

Assume G = (V, E) to be an instance of Hamiltonian cycle. 

Hence, an instance of TSP is constructed. We create the complete graph G' = (V, E'), where 

E′={(i,j):i,j∈Vandi≠jE′={(i,j):i,j∈Vandi≠j 

Thus, the cost function is defined as follows − 

t(i,j)={01if(i,j)∈Eotherwiset(i,j)={0if(i,j)∈E1otherwise 

Now, suppose that a Hamiltonian cycle h exists in G. It is clear that the cost of each edge 
in h is 0 in G' as each edge belongs to E. Therefore, h has a cost of 0 in G'. Thus, if 
graph G has a Hamiltonian cycle, then graph G' has a tour of 0 cost. 

Conversely, we assume that G' has a tour h' of cost at most 0. The cost of edges 
in E' are 0 and 1 by definition. Hence, each edge must have a cost of 0 as the cost of h' is 0. 
We therefore conclude that h' contains only edges in E. 

We have thus proven that G has a Hamiltonian cycle, if and only if G' has a tour of cost at 
most 0. TSP is NP-complete. 
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